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ABSTRACT: The unfolded formulation for arbitrary massless mixed-symmetry bosonic and
fermionic fields in Minkowski space is constructed. The unfolded form is proved to be
uniquely determined by the requirement that all gauge symmetries are manifest. The
unfolded equations have the form of a covariant constancy condition. The gauge fields and
gauge parameters are differential forms with values in certain irreducible Lorentz tensors.
The unfolded equations for bosons determine completely those for fermions. The proposed
unfolded formulation also contains dual formulations for massless mixed-symmetry fields.
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1. Introduction

In four dimensional Minkowski space spin degrees of freedom are known to be classified
by non-negative integers or half-integers. However, in dimensions higher than four spin
degrees of freedom are described by a set of (half)integers, according to the weights of
the Wigner’s little group. The simplest and the most developed are the cases of totally
symmetric [ -[[I] and totally antisymmetric fields [IJ—[4]. All other types are referred to
collectively as mixed-symmetry. Mixed-symmetry fields naturally arise in field theories in
higher-dimensions, for instance, in (super)string theory [[1F].

The simplest mixed-symmetry fields were originally considered in [[L6] and [[7]. The
most general type of mixed-symmetry fields was studied in [[-P1] though, the rigorous
proof of the fact that the proposed in [R{] fields/gauge symmetries content and equations



describe massless particles properly was given in [RZ, 3. In terms of BRST approach
mixed-symmetry fields, characterized by at most two non-zero weights, were studied in [4—
R7. An elegant approach to the description of mixed-symmetry fields was proposed in [P§-
B(] on the basis of the simplest mixed-symmetry fields.

In this paper massless mixed-symmetry fields are reformulated within the unfolded ap-
proach [B]]-BJ] because it is the unfolded approach that underlies the full nonlinear theory
of interacting massless fields with arbitrary totally symmetric spins [[], being the only ap-
proach succeeded in constructing the full theory, though exhaustive results concerned with
cubic vertices of higher-spin fields were obtained within the light-cone approach in [@f]
Therefore, to unfold an arbitrary spin, viz., mixed-symmetry, fields in the Minkowski space
is considered as the first step towards the full nonlinear theory of arbitrary spin fields.

The main statement of the paper is that a free massless field with spin degrees of free-
dom characterized by an arbitrary bosonic or fermionic unitary irreducible representation
of the Wigner’s little algebra can be uniquely described within the unfolded approach, in
which all gauge symmetries are manifest. The unfolded system has the form of a covariant
constancy equation. The gauge fields and gauge parameters are differential forms on the
Minkowski space with values in certain irreducible representations of the Lorentz algebra,
i.e., irreducible tensors or spin-tensors. The full unfolded system is described in terms of a
single nilpotent operator o_, whose cohomology groups correspond to independent differ-
ential gauge parameters, dynamical fields, gauge-invariant equations and Bianchi identities.

Another advantage of the unfolded approach is in that the equations for bosons and
fermions have literally the same form, the only difference being in change of tensor repre-
sentations, in which the fields takes values, by the corresponding spin-tensors. The form
and the order of dynamical equations, second for bosons and first for fermions, turns out to
be encoded in o_ cohomology. In fact the unfolded system is constructed for the bosonic
case and, then, proved to have the same form for fermions. The similarity between bosons
and fermions within the unfolded approach can have deep applications in theories with
supersymmetries.

Despite the deep relations of the unfolded approach to the nonlinear theory of higher-
spin fields, unfolding by itself provides a very powerfull method for analysis of dynamical
systems. For instance, once some linear dynamical system is unfolded it is given a direct
interpretation in terms of Lie algebras/modules and all gauge symmetries become manifest.

The paper is organized as follows: the main result, i.e., the unfolded form of equa-
tions describing a massless field with the spin that corresponds to an arbitrary irreducible
representation of the Wigner’s little algebra is stated in section f]. All the necessary infor-
mation about mixed-symmetry fields in the Minkowski space-time is collected in section [
The basic facts concerning the unfolded approach, viz., the very definition, the relation
to Lie algebras/modules, to the Chevalley-Eilenberg cohomology are recalled in section fj,
illustrated on the examples of a scalar field, spin-one field and totally symmetric spin-s
and spin-(s + %) fields in section p.3. The proof of the general statement of section [ is in
section [j. The physical degrees of freedom are analyzed in section [6.3. The discussion of
the results and conclusions are in section [}. Multi-index notation and basic facts on Young
diagrams and irreducible representations are collected in appendices.



2. Conventions

As the most general type of irreducible representations of orthogonal algebras, viz., the
Wigner’s little algebra, the Lorentz algebra, is considered, the essential use is made of
Young diagrams’ language. A certain Young diagram is denoted by Y with subscripts or
directly enumerating the lengths of the rows as Y{s1, so, ...} or, when rows of equal lengths
are combined to blocks, as Y{(s1,p1), (s2,p2), ...}, p; being the number of rows of length
s;. Loosely speaking we do not make any difference between irreducible finite-dimensional
representations of orthogonal algebras, Young diagrams' and the corresponding irreducible
(spin)-tensors,? e.g., rank-two symmetric traceless tensor-valued field ¢, i.e., ¢ = $b@
and 7,0 = 0, can be equivalently denoted either as ¢ or ¢Y with Y = Y{2} =
Y{(2,1)}. The scalar representation Y{0} is denoted by e. Unless otherwise stated, all
Young diagrams are of orthogonal algebras, viz., so(d — 1, 1) or so(d — 2). For more detail
on Young diagrams see in appendix B. Greek indices u, v,...=0...(d-1) are the world
indices of the Minkowski space-time My. d = dx“% is the exterior differential on M.
The degree of differentials forms on M is indicated by the bold subscript, e.g., a degree-q
differential form w on My with values in so(d — 1,1)-irrep characterized by the Young
diagram Y is denoted as w?{ (loosely speaking Y-valued degree-q form wz). The wedge
symbol A is systematically omitted. Lowercase Latin letters a, b,...=0...(d-1) are vector
indices of so(d — 1,1), fiber indices of the sections of tensor bundles over the Minkowski
space-time. Greek indices o, 8,y = 1... 9(5] are fiber spinor indices of so(d — 1,1). The
multi-index condensed notation is used in the paper: the (anti)-symmetrization is denoted
by placing the corresponding indices in (square) round brackets, for details on the multi-

index notation see appendix A.

3. Summary of results

The main statement of the paper is that given a unitary irreducible bosonic(fermionic) rep-
resentation of the massless Wigner’s little algebra so(d—2), which is characterized by Young
diagram Y = Y{(s1,p1),...,(sn,pn)} (Y = Y{(sl,pl),...,(sN,pN)}%), there exists a
uniquely determined unfolded system that describes a massless spin-Y field, with all gauge
symmetries being manifest. The system has the form of a covariant constancy equation

Dwp = 0, wp € Wh,
dwp = Dp—1, §p-1 € Wp-1,

In addition to the Young symmetry conditions, extra restrictions (with the aid of invariant tensors:
Levi-Civita for sl(d), metric and Levi-Civita for so(d)) have to be imposed on the tensors to make them
irreducible. In what follows it is important that irreducible so(d)-tensors are traceless. No special consid-
eration is given to (anti)-self dual fields, see appendix B.

2In the case of fermionic representations of orthogonal algebras, i.e., spin-tensors, the tensor part of a
spin-tensor (all but one spinor indices can be converted pairwise to tensor indices by means of I-matrices,
hence, we consider spin-tensors with one spinor index only) is characterized by Young diagram, which is
labeled by the subscript %, e.g., an irreducible rank-two symmetric tensor-spinor 1*%° satisfies Fgﬁwﬁ?ab =0
and belongs to Y{2}%. The connection with the standard Gelfan-Zeitlin labels is obvious. Additional
conditions, viz., Majorana, Weyl and Majorana-Weyl are irrelevant to the problems concerned.



6&1 = Déo, o € Wo, (3.1)

where W = @210 Wy is certain graded space, D is a nilpotent operator of degree (+1),
D : Wq — Wqs1 and D? = 0. Gauge fields take values in W, where p = Zzziv p; 1s
the height of Young diagram Y, the first level gauge parameters in Wy_1, the second level
gauge parameters in YWp_g and so on. The gauge invariance is manifest by virtue of D? =0.
The reducibility of gauge transformations is similar to those of totally anti-symmetric fields.

Space Wy, which contains the gauge fields of the unfolded system, is a graded by
Yo le ng }
Al Wt Wag s+ )
go = p. Diagrams Y, that characterize so(d— 1, 1)-irreducible representations, in which the

nonnegative integer g = 0,1, ... set of differential forms W, = {w

fields and gauge parameters take values, are uniquely determined by the initial diagram
Y = Y{(Sl,pl), ceey (SN,pN)}(%) of 50(d - 2).
The dynamical field is incorporated in a p-form wg NS Wgzo that takes values in the

irreducible representation(irrep) of the Lorentz algebra so(d — 1,1) that is characterized
by Young diagram Y of the form

s1—1
n
so—1
P2
sy —1
PN , (3.2)

i.e., it is obtained by cutting off the first column of Y. All other gauge fields in the system

are auxiliary and can be expressed in terms of derivatives of w;f 0. It is convenient to

Y

enumerate the Lorentz-irreps in which gauge fields wq? take values by a pair {n,k} of

g
integers. Roughly speaking, the first integer is related to the number of the block of Y,
n = N,...,0, the second one is related to the relative length of the n-th and (n + 1)-
th blocks. The so(d — 1,1)-irreps Yg=0,...,Y g—(sy—1) are given by Yy, .y with n = N,

k=0...(sy —1) of the form

S1 — 1
Y41
So — 1
b2
sy —1
PN
Lk ] (3.3)



The diagrams Y, with g = sy ... (sy—1 — 1) are given by Yy, 3 withn = N -1, k =
0...(sy—1 — sy — 1) of the form

S1 — 1
Y41
S9 — 1
b2
sy —1 k
PN
sy—1 . (3.4)

and analogously for the rest of Y, with g < s;. The diagrams Y, with g = 51,51 +1,...
are given by Yy, 3y with n =0, k=0,1,... of the form

S1 — 1 k + 1
p1
S9 — 1 s1—82—1
b2
sy —1 s2—s3—1
PN
sy —1 : (3.5)

Gauge fields wq for g ~ {n = N,k} are (p1 + --- + pn)-forms, gauge fields wqg for
g~{n=N-1,k} are (p1+---+pn—_1)-forms, ..., gauge fields wqgg for g ~ {n =0,k} are
zero-forms. Hence, form degree function ¢, is completely defined. The grade g is equal to
the element number (starting from zero) in the set of pairs {n, k} ordered by k in increasing
order and, then, by n in decreasing order.

Space Wp_1, which contains the first level gauge parameters of the system, is a set of
forms with values in the same 50 (d —1,1)- z'rreps as gauge fields but the form degree is less
by one, i.e., Wp_1 = {ﬁY;O 15 8qn— 17"'qug—1v' .}. The sector Wg_l for g > s1 is trivial
du to g; = 0. Analogously, spaces Wq for ¢ < p —1 and ¢ > p can be defined. To sum
up, the element of space Wy at grade g ~ {n,k} is a degree-(gqy & i) form with values in
Y, =Yy, 1) irrep of the Lorentz algebra.

The Minkowski background space is described in terms of vielbein(tetrad) hjdz* and
Lorentz spin-connection wZ’bdx“, which determines Lorentz-covariant derivative Dy =
d+ w.

When reduced to W§ the full system has the form

% Y Y Y 1
Drwqef =o_ (wqggfll) , wae € W, wagity € Wi,
Yg _ Ygi1 g Ygt1 g+1
5UJ DLé + 0_ (gqg+1—1) ’ gqg—l € W £Qg+1_1 € Wp 1
SEL =, (3.6)



where operator D is a sum D = Dj — o_ of Lorentz-covariant derivative D and certain
nilpotent operator o_ : A?®Y 41 — /\quAngl QY4 Ay =gy — qg+1 > 0, (0-)? =0, built
of background vielbein hj,dz#, which is unambiguously fixed by the symmetry of Y, and
Y, 1. o_ contracts (Ay + 1) vielbeins h® with the tensor representing Yy, 1 to obtain the
tensor with the symmetry of Y, appropriate Young symmetrizers are implied.

Since o_ affects tensor indices only it is correctly defined on spin-tensors too and does
not violate the I'-tracelessness condition. The unfolded equations for fermions have the
same form as for bosons, the irreducible tensors are to be replaced with corresponding
spin-tensors.

The case of the last block of the length one, i.e., single column, is not spe-
cial but requires some comments. Since (sy — 1) = 0, it is not possible to add a
cell to the bottom-left of the N-th block of Yy, therefore, Yy(,—nr—0y = Yo is the
only diagram with n = N and diagram Yy,_n_; -0y = Yy=1 has the symmetry of
Y{(s1 —1,p1),...,(sn—1 — L,pn-1), (1,pn + 1)}.

Subspace W[;{ln’k} with definite n forms an irreducible module of iso(d — 1, 1), whereas
the subspace with definite both n and k forms a finite-dimensional irreducible module of
so(d —1,1), i.e., an irreducible Lorentz tensor, characterized by Y, as was stated above.
The intervals of constancy of g, correspond to g, with definite n, i.e., the set of forms,
on which a certain irreducible iso(d — 1, 1)-module is realized, all have the same degree.

Let us also note that Wy>, are infinite-dimensional, whereas Wi.p are finite-
dimensional. The higher degree spaces Wy>p correspond to the equations of motion
(Wk=p+1) and Bianchi identities (Wksp+1), which manifest the gauge symmetries. Most

of the equations express higher grade g > 0 fields via the derivatives of physical field w?lf)o

Yo
do0

The significance of the fields with g > 0 is to make all gauge symmetries be manifest.

and only certain elements of Wfizi 41 Impose on wg” second order dynamical equations.

4. Mixed-symmetry fields in Minkowski space

The types of the Minkowski space particles, being, by definition, in one-to-one correspon-
dence with unitary irreducible representations(uirrep) of the Poincare algebra iso(d —1,1),
in the case of four space-time dimensions were classified by Wigner in [B7].

Leaving out the details of the Wigner’s construction, for recent reviews and for general-
ization to an arbitrary space-time dimension d see [Bg, important is that given m? > 0 and
a uirrep Y of the Wigner’s little algebra, being so(d—1) for m? > 0 and so(d—2) for m? = 0,
there exists a standard procedure to construct a uirrep of iso(d — 1,1), which is called a
massive(massless) particle of spin-Y. So-called continuous or infinite spin particles [B7,
are not considered in this paper. Therefore, physical degrees of freedom for massive and
massless particles are classified by irreducible tensors of so(d—1) and so(d—2), respectively.

More elaborated are the two cases of totally-symmetric spin-s particles Y = Y{s} =
Y{(s,1)} [@, I, E], viz., scalar, vector, graviton, and of totally anti-symmetric spin-
p particles Y = Y{(1,p)} [[J-[[4]. The others are referred to collectively as mixed-
symmetry, the simplest one being Y = Y{2,1} = Y{(2,1),(1,1)}.



Yet different problem is to realize a wirrep of iso(d — 1,1) on the solutions of a wave
equation for a field ¢y, (z), which takes values in a certain representation Yjs of the
Lorentz algebra so(d — 1,1), i.e., ¢y,,(z) is a Lorentz tensor or a set of tensors. As field
theories free particles can be described in either non-gauge or gauge way, in the former case
a uirrep of iso(d — 1, 1) is realized on the solutions of the wave equation directly, whereas
for the latter case a wirrep of iso(d — 1,1) is realized on the quotient of the solutions by
certain specific solutions, called pure gauge. The wave equation (O + m?)¢y,, (¥) = 0,
which fixes the quadratic Casimir m? of iso(d — 1, 1), is generally supplemented with a set
of algebraic/differential constraints to single out an irreducible, in the sense of the little
algebra, component. Field ¢v,, (z) takes values in a certain finite-dimensional represen-
tation of so(d — 1,1), which is not irreducible in most cases, nevertheless it can be made
irreducible when dealing with free equations of motion only. Yet more different problem
is to realize an irrep of iso(d — 1,1) on the solutions of the variational problem for some
action, in most cases the procedure requires a set of auxiliary fields, which carry no physical
degrees of freedom.

The choice of so(d—1, 1)-representation Y s (even if irreducible), in which field ¢v,, (z)
takes values, is not unique, e.g., a free massless spin-one particle can be described either
by a gauge potential A, (z) subjected to

0A, —0,0"A, =0, 0A, = 0,&, (4.1)

or by a field strength F},,, subjected to
OMFu, =0, 0O,F\,=0. (4.2)
In the case of a massless spin-two particle (Y = so(q—2)), in addition to the conventional

description in terms of the metric g,,,

1
Ry — §g,uuR =0 (4.3)
the Weyl tensor C),,, \, known to have the symmetry of HP can describe a free spin-two in
a non gauge way

a[,uc,uu},wz =0, a)\cu)\,w/ =0. (44)

Another example is a 4d massless scalar particle, which can be described either by a
scalar field ¢(z) subjected to O¢ = 0 or, more exotically, by an antisymmetric gauge field
wy (so-called notoph [[H]) subjected to

Ow — 0,0 W + 0y,0Pwpy = 0, 0wy = Auly — D&, (4.5)

This equation describes a massless particle with spin—Hsa(d_g) = Y{l,l}sa(d_2), which
for d = 4 by virtue of the so(d — 2) Levi-Civita tensor e;; is equivalent to a scalar,
Y {1, 1} so(a—2) ~ Y{0,0}(4—2)- On the other hand, a scalar particle can be described by

®In antisymmetric basis Cuy,x, satisfies Cpuxp = —Cuprps Cuvirp = —Cluv,pr and Clp, 5y, = 0.



a rank-d antisymmetric field wy, .., satisfying Ow,,, . 4, = 0, where the use of so(d — 1, 1)-
duality is made of, wy,, .., = €puy..uy@- These two types of duality are referred to as trivial.

The general statement is that free particles can be described by an infinite number of
ways, called dual descriptions [A3—[d], but dual theories exhibit certain difficulties while
introducing interactions [[fq-p0], e.g., despite the fact that free massless spin-one and
spin-two particles can be described by the Maxwell field strength and by the Weyl tensor,
respectively, introducing interactions requires the corresponding gauge potentials A, and
9w to be brought in.

There exists a distinguished choice of so(d—1, 1)-irrep Y p, in which field ¢y, (z) takes
values, that can be referred to as fundamental or minimal. For the minimal description of a
spin-Y particle the spin degrees of freedom and the so(d—1,1)-irrep Y s are characterized
by the same Young diagram, i.e., Yy =Y, e.g., a spin-one particle by A,, a spin-two by
guv- All other descriptions are referred to as dual. It is the minimal descriptions that will
be discussed further, by this reason the term spin-Y particle can be substituted for more
accepted spin-Y field.

A massive totally symmetric spin-s field can be described [FI] by a totally symmetric

tensor field ¢ ) subjected to

H1-.-ps

(O+m*)bpuy..pe =0,
ay¢uu2...us = 0, (4.6)

v —
¢ V3. fhs 0,

where the last equation (tracelessness condition) makes the tensor irreducible in the
s0(d —1,1) sense, the first one puts the system on-mass-shell and the second one projects
out the components orthogonal to the momentum, restricting ¢,,.. ., to contain only a
spin-s irrep of so(d — 1).

Analogously, a massive totally anti-symmetric spin-p field, i.e., Y = Y{(1,p)}, can be
described by a totally anti-symmetric tensor field wy,,, .., ] subjected to

(\:‘ + m2)wu1...up =0,

, (4.7)
" Wupiy..pp = 0,
where the tracelessness condition becomes trivial for anti-symmetric tensors.
These two results are easily generalized to an arbitrary spin-Y{si,...,s,} massive

field, which can be minimally described by a symmetric in each group of indices tensor
field @y, (s1) 12 (s2),mpim (sn) SUDJeCtEd tO

(O + 1102) by (51) paa (52).pin(s) = 05
8M¢M1(81),u2(52),...,un(sn) = 07 (RS [1,71],
Ppr (1) (58)seootir i (51— Vi () = 05 K € [Ln=1], k<,

77““”¢u1(81),u2(52),...,un(sn) =0, u,j¢ [1,71],

(4.8)

where the last two conditions are just the Young symmetry and the tracelessness conditions,
which make the field carry an irrep-Y{si,...,s,} of so(d — 1,1), and can be thought of



as the part of the definition of field ¢v,, (z). The first equation puts the system on-mass-
shell, the second one projects out all so(d — 1)-irreps, which the tensor By (1) 12 (52), s tip (5p)
decomposes into, except for the one with the symmetry of Y{s1,...,s,} so(d—1)-diagram.

Let D (m2;Y{81, el Sn}) be an iso(d — 1,1) module extracted by ({.§), being
irreducible for m? # 0 or for Y{0} (scalar field). Since minimally described massless
fields are gauge theories a wuirrep H (0; Y {s1,...,s,}) of iso(d — 1,1) corresponding to a
massless spin-Y{si,...,s,} field should be defined as appropriate quotient by the pure
gauge solutions of the form

0 — gauge solutions — all solutions — H (0; Y{s1,...,8,}) — 0, (4.9)

where the sequence is non-split, as there is no so(d — 1,1)-covariant way to extract
so(d — 2)-irrep Y{s1,...,8,} from the Lorentz tensor with the same symmetry of
Y{s1,...,s,} by virtue of a single so(d — 1, 1)-vector, the momentum p,, ~ 9,.

A massless totally symmetric spin-s field can be described as the quotient of ([.f) with

m? = 0 by pure gauge solutions of the form O0buy s = O where &, ,,_, is a

(mfuz---us)f
totally symmetric gauge parameter subjected to the equations of the same form ({.4), i.e.,
on-mass-shell, tracelessness and transversality, thus, belonging to D (0; Y{s —1}). The

definition of H (0; Y{s}) is given by
0—DO;Y{(s—1,1)}) —D(O0;Y{(s,1)}) — H(0;Y{(s,1)}) — 0. (4.10)

There is a bit difference for a totally anti-symmetric spin-p massless field. Pure gauge

solutions are defined analogously as dwy, ., = O, where £, ,, ;) I a rank-

ST !
(p — 1) antisymmetric gauge parameter subjected to tﬁe :cﬂlation of the samé form ([L.7)
and, thus, belonging to D (0; Y{(1,p —1)}). In contrast to a totally symmetric spin-s
massless field, the gauge transformations are reducible in the sense that dwy,. ., = 0
provided that one transforms gauge parameter 68y, ., 1 = O &puy..p,_y) With a second

level rank-(p — 2) antisymmetric gauge parameter lur .y and so on. Some components

_as
(parallel to the momentum) of the first level gauge parame]zter &ur..up—y do not contribute
to the gauge law for wy, . ,,, these are represented by the second level gauge parameter
§ur..up—n modulo those components of §,,. ,,_, that do not contribute to ;. ,, , and
so on till 6§, = 9,§. Gauge parameters &, ., 1 Sprpy_pr K € [1,p] and & are referred
to as the first level, the k-th level and the deepest level of reducibility, respectively. The

corresponding iso(d — 1, 1)-uirrep is given by a non-split exact sequence of the form

0— D (0;Y{(0,0)}) — D(0; Y{(1,1)}) —
...... DO Y{(L,p)}) — HO;Y{(L,p)}) — 0.  (411)

For example, Maxwell gauge potential A, possesses gauge parameters of the first level only
as p = 1 in this case.

Though, a considerable success in describing on-mass-shell massless fields was
achieved, for instance, within the light-cone approach [f3], there are many reasons to have
an off-shell gauge symmetry, i.e., to construct equations that are invariant with respect to



gauge transformations with gauge parameters not subjected to J¢ = 0. To make the sym-
metry off-shell generally requires to relax the irreducibility of the so(d—1, 1)-representation
in which field ¢y (z) takes values.

For instance, a massless totally symmetric spin-s field can be described [BJ] by a
traceless rank-s symmetric field ¢, .., with an off-shell gauge symmetry

Our..pe = 500" Pupsg...ne) + @tz Musp2 0”0 uppis..s) = 0; " vpg..s = 0;
0,

0Ppis s = Ny Spaoe.opis) é.VVl/«B---l/«sfl = aufvuz---usfl) =0, (412)

where in order for ¢, ,, to be traceless the gauge parameter has to be not only traceless
but transverse also, this still being true for general mixed-symmetry fields. Apparently, to
get rid of any differential constraints on gauge parameters, the tracelessness constraint for
field ¢, . ., has to be relaxed. The same spin-s massless field can be described [] by field
®un..us Subjected to*

Dpype — 38(u1au¢vu2---us) + S(Sgl)a(m 8ﬂ2¢uuu3---us) =0, ¢Vp1/pus---us =0,
0Py s = 8(M1£M2---M5)’ gyVl/fB---l/fsfl =0,
(4.13)

where in order to get rid of any differential constraints on gauge parameters a tracelessness
is relaxed to a double-tracelessness, i.e., field ¢,, ., takes values in the direct sum of
two so(d — 1,1)-irreps, being symmetric traceless tensors of ranks s and (s — 2). The
general statement is that for equations of motion to have an off-shell gauge symmetry the
s0(d — 1,1)-irrep in which field ¢y (x) takes values has to be reducible, with additional
direct summands representing certain nonzero traces. These additional fields are called
auxiliary and carry no physical degrees of freedom. Imposing certain gauge, equations ([L.§)
can be restored.

A massless totally antisymmetric spin-p field can be described by an antisymmetric
rank-p tensor field wy,, ., subjected to

Dw,ul...up - pa[ul aywu,uz...,up] =0, 5w,u1...,up = a[,ul g,u,g...,up]y (414)

where the symmetry at the all levels of reducibility is manifest and off-shell, i.e.,
0. pip1 = Oy &pn.puy_y) for the second level gauge parameter £, ., , not subjected
to any differential constraints, and analogously for the gauge symmetries at deeper levels.

Much similar to totally anti-symmetric fields mixed-symmetry massless fields possess
reducible gauge transformations, i.e., for a field ¢ with equations of motion invariant under
gauge transformations ¢, ¢ = Zil 85? there exist the second level gauge transformations
0e,€1" = D, 0&5 such that dg,¢ = 0, there exist the third level gauge transformations
0e5 €57 = D, 0&3° such that d¢,&1 = 0 and so on. The difference from totally anti-symmetric
fields is in that there are generally more than one gauge parameters at each level of re-
ducibility (enumerated by index i at the k-th level).

“Obtained from the Lagrangian, equations of [] have the form G, .. ., — s(e—1) G

7 Np1pe 0,
where G, ..., is equal to ()7 the two forms being equivalent.

v —
vpg . ps) T
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For instance, the simplest mixed-symmetry massless field has the Spin—Hj and can be
minimally described [[Lf, L] by a field Pup),v» Which is anti-symmetric in the first two
indices and satisfies Young symmetry condition® Plup,v) = 0. The equations of motion

Oy + 20,0 Bia — 00 Gpur — 20,0,6,, " = 0 (4.15)

are invariant under

OPupy = a[ugi}u + 8[#@?}1/ - 8,,5;?#, (4.16)
with symmetric and anti-symmetric gauge parameters {& ») and é[‘:‘w}. Let us stress that
to maintain an off-shell gauge symmetry field ¢, has to take values in a reducible
s0(d — 1,1) representation, B:‘EBD, so does symmetric gauge parameter é(i O e, which
is in accordance with ¢, " # 0 and 55” # 0. Analogously to totally anti-symmetric fields
there exist second level gauge transformations with a vector parameter &,

5¢W,,, =0,
3508, = 2(0u&y — 0vEp), (4.17)
5§5V = Opév + 0v&-

In this case H (O;H:\) is given by a non-split exact sequence of the form
0 — D(0;0) — D (o;H) & D (0;0T) — D (O;Hj) T, (O;Hj> 0 (418)
In the general case of a massless spin-Y = Y{(s1,p1),...,(sn,pn)} field the depth of

reducibility of gauge transformations is equal to p = Z:zi\f p;, where p is the height of the
first column of the Young diagram and at the r-th level of reducibility gauge parameters

81—1 Jk
1

have the symmetry of

b1

S9 — 1
ko
P2 :

SN—l JkN

PN : i=N i=N

: k; = pi—T (4.19)

-
Il
—
-
Il
—

This pattern of reducibility of gauge transformations will be of great importance while
constructing the unfolded formulation in section |§. As is easily seen, at the first level of

°In more detail, the field ¢, satisfies G x = —Pupr, Guvr + o + érpr = 0. Equivalently, a
symmetric basis can be used, i.e, gblsw,A = gbfmk, ¢§V,A + ¢§A,M + d);qw, = 0. The two bases are related by
s A A A s s
¢(p.u),)\ = %(ép‘/\,u + (rbu)\,,u,)7 d)[p,u],)\ = %(ép‘/\,u - u)\,u)'
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reducibility, the gauge parameters are various tensors, whose Lorentz Young diagrams are
obtained by cutting off one cell from the original so(d — 2)-diagram in all possible ways,
i.e., the number of gauge parameters at the first level is equal to the number of blocks NV,
e.g., two for spin—H:‘. There is only one gauge parameter at the deepest level of reducibility,
whose Young diagram is obtained by cutting off the first column from Y, e.g., O for spin—E:‘.

This pattern corresponds, of course, to on-shell equations, i.e., the gauge parameters
taking values in so(d — 1,1)-irreps of Young symmetry ([L19) are subjected to ([L.§)-like
equations. To obtain an off-shell gauge symmetry the field content has to be extended to
take values in certain reducible so(d — 1,1)-representations, additional components turn
out can be identified with certain traces of a single field with the symmetry of Y as an
sl(d)-tensor. In general, gauge parameters are also reducible tensors with the symmetry
of ({.1). In the case of a spin—EP massless field, the trace ¢, in the sector of fields and the
trace £57 in the sector of gauge parameters are the additional components. In the general

case of aspin-Y = Y {sy,...,s,} massless field, field ¢, () (sn) Should satisfy [R]]

7#2(82)7“'7“”
W Gy 1) (2),vpin(sn) = 00 € [Linl, (4.20)

which is a generalization of the Fronsdal’s double-trace condition (f1J). As it will
be shown, this condition naturally arises in the unfolded approach. Note that double-
tracelessness is imposed on each group of symmetric indices and it is not required for
cross-traces to vanish.

Let a generalized Weyl tensor for a minimally described spin-Y massless field be a
gauge-invariant combination of the least order in derivatives of field ¢y (z) that is al-
lowed to be nonzero on-mass-shell. On the other hand it is the generalized Weyl tensor
that the minimal non-gauge description of a massless spin-Y field is based on. For a
spin-Y = Y{(s1,p1),---, (SN7pN)}sa(d—2) massless field the generalized Weyl tensor has
the symmetry of Y{(s1,p1 + 1), (s2,p2),..., (SN’pN)}go(d—l,l) and is of the si-th order in
derivatives. In the case of spin-one (Y = 50(d_2)) Maxwell field strength F),, with the
symmetry of H can be also called a generalized Weyl tensor.

Fermionic mixed-symmetry fields share most features of bosonic ones, viz., the re-
ducibility of gauge transformations, the enlargement of the field content for the equations
of motion to possess an off-shell gauge invariance. The difference is that the equations for
fermions have the first order in derivatives and the irreducibility of spin-tensors is achieved
by the I'-tracelessness condition® instead of the tracelessness one.

For example, a massless totally symmetric spin-(s + %) field can be described off-

shell [B4] by a totally symmetric spin-tensor field ¢, subjected to”

@(bﬂl---ﬂs B Sa(ulru(bl/uz...us) =0,
5¢H1~~~us = a(ulguz...us)a (4.21)
PVPPFA(prMALmus =0, nyuuz---usq =0,

S(p1eopes)

I, are the Clifford algebra generators and satisfy I', I, + I'.T, = 2., # = I'*0,. TI-trace is a
contraction of a spinor index and one tensor index with I'y, e.g., I',¢"” = F,(jﬁqbﬁ”“’.
"Obtained from the Lagrangian, equations of [@] have the form G, . ., — ST T Gopg.ny) —

S(SZD N G i) = 00 Graope = PPpa e = 80 I bupg.pey = 0, which is equivalent to (@)

- 12 —



where in order to get an off-shell gauge invariance the irreducibility of ¢, ) has to be

H1---Hs
relaxed to the triple I'-tracelessness.

A massless totally anti-symmetric spin—Y{(l,p)}% field can be described off-shell by
a totally anti-symmetric spin-tensor field wq,(,,..,,] subjected to

Pwpispy = PO T Wy ) = 0, (4.22)

OWpir gy = O Syt

Similar to the bosonic case, (f.29) possesses reducible gauge transformations. The differ-
ence is that one can impose the triple I'-tracelessness on wq,|,,..,,] but this restricts the
first level gauge parameter to be I'-traceless, I'V§, ;.. ,_; = 0, and, hence, the second order
gauge parameter has to be on-mass-shell, i.e., ﬁgm___upfz = 0. Therefore, for equations of
motion to possess an off-shell gauge symmetry of all orders no I'-trace conditions have to
be imposed on field/gauge parameters.

In the general case of a massless spin-Y = Y{(s1,p1),. -, (sN,pN)}% field, the pattern
of gauge symmetries is given by the spin-tensors with the tensor part described by (4.19),
the definition of the Weyl tensor remains unchanged also.

The descriptions based on tensor field ¢, () , which is analogous to the

128205 in (81
metric g,,, are referred to as metric-like. At least(in) Writ(ing) O = 9,0,m" the explicit
use of metric n*¥ is made of, which complicates the issue of introducing interactions with
gravitation.

Let us note that in principle one can verify the gauge invariance of the field equations for
massless mixed-symmetry fields despite the fact that the very form of gauge transformation
is cumbersome due to Young symmetrizers. The advantage of the unfolded approach is in

that gauge invariance at all levels of reducibility is manifest.

5. Unfolding dynamics and o_ cohomology

In this section we, first, recall the definition of unfolding and the relation of the simplest
unfolded systems to Lie algebras/modules and Chevalley-Eilenberg cohomology with co-
efficients. Second, peculiar properties of unfolded systems that describe free fields and
specifically the so-called o_ cohomology concept are recalled. Third, the very procedure of
constructing the unfolded form is illustrated on the examples of massless spin-zero, spin-
one, arbitrary totally symmetric spin-s and spin-(s+ %) fields, the relation with the general
statement of section [ is pointed out in each of the examples.

5.1 General features

Some dynamical system is said to be unfolded [B1-BJ] if it has the form

dWA = FAW), (5.1)
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where W4 is a set® of differential forms of degree-g4 on some d-dimensional manifold Mg,
d - exterior differential on My and FA(W) is an arbitrary degree-(¢q4 -+ 1) function of W4
assumed to be expandable in terms of exterior (wedge) products only”

FAW) =) > s g WE A AWE (5.2)

n=1gp, + 445, =qa+1

A : : : A _ 8,48, £ A
where f B,..5, are constant coefficients satisfying f Bi..B,B;.. By = (—) i f By..B; BBy
Moreover, F A(W) must satisfy the integrability condition (called generalized Jacobi iden-

tity) obtained by applying d to (p.1)

SFA

Ff—— =0. 5.3

SWB (5:3)
Any solution of (5.3) defines a free differential algebra (FDA) [BJ—-F§. If Jacobi identi-
ties (F.) are satisfied irrespective of M, dimension,'? the free differential algebra is referred
to as universal [0, 9. It is the universal algebras only that will be considered further.

Equations (b.1]) are invariant under gauge transformations

SFA
5Wgﬁ4 = deéA_l + egB_l(WV—B, for qa > 0, (5.4)
, OFA

Wt = 8’ — | B :gg =1, for =0, 5.5

0 0 5W13 qaB qa (5.5)

where ea‘l —11sa degree-(q4 — 1) form taking values in the same space as Wcﬁ. In its turn,
A : A : A _ _.B sFA
W, = 0 can be treated as unfolded-like system for €, _4, le., def, 1 = —€q, 1578

there emerge second level gauge transformations

A A g OFA
O€g -1 =dEg,—2 — qu_zm, (5.6)
provided that F*(W) is linear in matter fields and analogously for the gauge transfor-
mations at deeper levels. Therefore, the reducibility of gauge transformations is manifest
in the unfolded approach. For a degree-g4 gauge field W(ﬁ there exist g4 levels of gauge
transformations.

The use of the exterior algebra respects diffeomorphisms, which is very appropriate for
introducing interactions with the gravitation. The whole information about the dynamics
turns out to be contained in F*(WW) and one can even extend an unfolded system to other
manifolds [5d] simply by changing the exterior differential, the new unfolded system has

literally the same form.

8In this section indices A, B, C are of arbitrary nature. In the cases of practical significance A, B, C
vary over certain irreps of the Lorentz algebra.

9The wedge symbol A will be systematically omitted further.

10As the forms with the rank greater than d are identically zero, there exist certain identities, e.g.,
Wn A Wy =0 for n +m > d, which make the operator W‘SA to be ill-behaved.
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Note that introducing enough auxiliary fields it is possible to reformulate any dynam-
ical system in the unfolded form, although it may be difficult to unfold some particular
system or to find all unfolded forms.

Collected below are some important cases of unfolded systems, which have a direct
bearing on Lie algebras [53, pd].

Lie algebras/Flat connections. Let Qf = Qdem“ be a subsector of degree-one forms.
The only self-closed unfolded equations are of the form

do’ = — .07k, (5.7)

Generalized Jacobi identity (F.3) implies the Jacobi identity fIi fi\;QFQFQM = 0
for some Lie algebra g with structure constants fJIK. Therefore, the closed subsector
of one-forms is in one-to-one correspondence with Lie algebras and (f.7) is the flatness
condition for a connection Q! of g. This provides a coordinate-independent framework
for describing background geometry. In the cases of interest, g is iso(d — 1, 1), so(d —
1,2), s0(d, 1) and sp(2n) [BJ]. Background geometry connection 2! is assumed to be
of order zero, whereas all matter fields, including dynamical gravitation, are of the
first order. All equations are assumed to be of the first order in matter fields and,
hence, describe free fields only.

In this paper g = iso(d —1,1) and Q! = {w®" h?}, where w®® = wﬁ’bdx“ is a
Lorentz spin-connection and h® = hjdz* is a background vielbein, which defines
a non-holonomic basis of a tangent space at each point of the manifold. Flatness
equation (B.7) for iso(d — 1, 1)-connection Q reads

dh® + w®,h? =0,

(5.8)
dw®® + w® w® = 0.

The first is the zero torsion equation that expresses the Lorentz spin-connection via
the first derivative of hj;. The second can be recognized as the zero curvature equation.

For example, in Cartesian coordinates the explicit solution is wZ’b =0 and hy, = dj;.

The advantage of description of background geometry as the flatness condition for
a connection of the space-time symmetry algebra is in that this way is coordinate-
independent. In what follows we assume w®®, h® to satisfy (F-§), which is enough
if there is no need for the explicit form of the solution in some particular coordinate
system. For instance, in (anti)-de Sitter space (b.§) is modified by the terms
proportional to the cosmological constant A\

dh® + w® h* =0,

5.9
dwa’b + wa,cwc,b + )\Qhahb -0 ( )

and admits no simple solutions with hj, = 52, w®® = 0. Nevertheless, without giving
the explicit solution, to imply that w®®, h® satisfy (F.9) is sufficient for general
analysis, e.g., for constructing Lagrangians [60].
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Contractible FDA. The simplest equations linear in matter fields of the form
dwgt = fAwE (5.10)
can be reduced by linear transformations to either
AWl =Wz,  dWii, =0, (5.11)

or
A
AW =0, (5.12

)
where the second equation of (f.11]) is the consequence of Jacobi identities (f.3)
for the first one. In the first case, by virtue of gauge transformations (f.4)
(5W;14 = dfé_l + Xé, 5W§+1 = dxé the field ng‘ can be gauged away. In both
cases, by virtue of the Poincare’s Lemma these equations are dynamically empty
and correspond to the co-called contractible FDAs [B].

g-modules/Covariant constancy equations. Let W(f be a closed subsector of ¢-forms
of matter gauge fields. Linear in matter fields equations may involve the background
g-connection Qf, which is of zeroth order. Such equations referred to as linearized
over g background (described by any solution Q! of (5.7)) have the form

AWgt = —Q! frisWy. (5.13)
Jacobi identity (F.J), where (b.7) is also taken into account,
QTOK (— fl s + frc fCs) WE =0 (5.14)

implies fIAB to realize a representation of g. Therefore, the closed subsector of
forms of definite degree is in one-to-one correspondence with g-modules, whereas

DoWgt = dwy' + Q' frAsWl =0 (5.15)

is a covariant constancy equation and (Dg)? = 0 since the connection is flat (5.7). In
the cases of interest, A runs over certain finite-dimensional so(d — 1, 1)-irreps, i.e., g-
modules decompose with respect to its subalgebra so(d — 1,1) C g into a direct sum of
certain irreducible tensors. This is why we single out the Lorentz-covariant derivative
Dy from the whole g-covariant derivative Dq, the remaining part acts vertically
(algebraically). In the case of Q being an iso(d — 1,1) flat connection, the Lorentz
covariant derivative Dy = d 4+ w satisfy D;? =0, as the exterior differential d does.

DLTab... _ dTab... + wa,Cch... + wb,CTac... 4. (516)

In Cartesian coordinates D; = d and we do not make any distinction between d
and Dy, whereas in (anti)-de Sitter (Dy)? # 0 and the difference between d and Dy,
has to be taken into account. Also, zero torsion equation (f.§.1) can be rewritten as
Drh® = 0. The remaining part of Q! which acts algebraically and mixes different
s0(d — 1,1)-modules into g-modules is associated with the generators of translations
with gauge field h®.
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Gluing g-modules/Chevalley-Eilenberg cohomology. Let Wy, Wqg and W, take
values in g-modules R, Ry and R3, the representations are realized by operators
Ty, T5 and T3, respectively. Still linear in matter fields but nonlinear in background
connection Q! equations are of the form

DoWp = dWp, + T1(Q)Wp = f12(, ..., Q) Wy,
DoWq = dWqy+ To(Q)Wq = f23(Q, ..., Q) W, (5.17)
DoWe=....,

where the terms forming g-covariant derivative are isolated on the Lh.s.
The two g-modules R;, Ry appear to be glued together by the term
f12(9,...,Q) € Hom(AP~%"1(g)®@R2, R1). Jacobi identity (5.3) implies fi2(€2, ..., Q)
to be a Chevalley-Eilenberg cocycle with coefficients in R ® R1, where R3 is a
module contragradient to Ro, and f12(9,...,Q)f23(2,...,Q2) = 0. Coboundaries
can be proved to be dynamically empty and can be removed by a field redefinition.
Consequently, f12(,...,) should be a nontrivial representative of the Chevalley-
Eilenberg cohomology group with coefficients in R5 ® Rq. It follows also that
nothing but zero forms can be joined to zero forms, i.e., the only possible linearized
unfolded equations on forms of zero degree are (p.14) with ¢ = 0.

For any dynamical system, linearized over certain g-background (described by any
solution Q! of (5.7)), equations of motion (f.15) along with gauge transformations of all
orders of reducibility acquire a very simple form

651 = DQ§07
5£p—1 = DQép—Zy (5'18)
5Wp - DQSp—17
DoW, =0,

where W, takes values in certain g-module R, Dg is the associated g-covariant derivative
and &k, k € [1,p] are the gauge parameters of k-th order of reducibility taking values
in the same g-module R and being forms of degree (p — k). The gauge invariance at each
order of reducibility and of equations of motion is due to (Dg)? = 0. In some sense the
gauge fields W, and the gauge parameters £,k seem to play the same role at the linearized
level. This uniformity is of essential importance when analyzing unfolded systems.

In the presence of gluing terms, e.g., when only two modules, say R1 and Ro, are glued
by nontrivial Chevalley-Eilenberg cocycle fy,(€2,...,2) full chain of equations and gauge
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transformations (5.1§) is modified to!!

&1 = Doy,

86 = Da&h p 1,

6511)—1--}-1 = Dﬂgll)—r + fpr(Qu tee 79)6(2)7 65% = DQ§37
(5.19)
1 _ 1 2 2 _ 2
5£p—1 = DQgp—Z + fpr(97 s )Q)ér—% 551'—1 = Daé&; 2,
SWp = Daép-1 + for(Q..., Q)& 4, SWZ = Do& 4,
DoWp = fou(Q, ..., Q)W DoW?2 =0,

where Wé, ;1>—k and W2, €2 take values in g-modules Ry and Rs, respectively. Im-
portant is that the gauge fields/parameters taking values in R4 contribute to the r.h.s. of
the equations/gauge transformations for the gauge fields/parameters taking values in R
but for forms of degree greater than (p — r). The above two systems are nothing but the
specializations of (5.1), (5.4), (5.6).

Also, let us note that there is no strong reason to make any distinction between the
terms linear in the background g-connection Q, which correspond to g-modules, and the
terms of higher order in Qf, which correspond to Chevalley-Eilenberg cocycles. Both
terms can be combined into a single object, the generalized covariant-derivative, D =
d+T(Q)+f(Q,...,Q) = Do+ f(£,...,Q) with the property D? = 0. Moreover, by means
of D (b.19) and (p.18) can be rewritten in a similar manner. Consequently, at the linearized
level the most general unfolded equations and gauge transformations have the form

6&1 = D&,
5€p—1 = ,Dgp—27 (5'20)
OWp =Dép_1,
DWy =0,

where D is built of d, background connection ! and satisfies D*> = 0. The gauge
fields/parameters take values in certain spaces Wy, viz., Wp € Wy, &p—1 € Wh—1,. .-,
£o € Wo. The elements of Wy are differential forms with values in certain g-modules. It
is also convenient to define higher degree spaces Wq~p: the equations Ry 1 = DW, = 0
take values in Wpy1, Rp+2 = DRpi1 belongs to W12 and by virtue of D? = 0 satisfies
Rp12 = 0 and so on. Therefore, there exist certain identities, which belong to Wp4.2, for
the equations, which belong to Wp41, and there exist certain identities, which belong to
Whp+3 for the identities in Wp42 and so on. At the field theoretical level these identities
correspond to Bianchi identities for the first level gauge transformations, higher identities
correspond to the Bianchi identities for the deeper levels of gauge transformations.

"The sign factor (—)P~" ! before for (€, ...,Q) is ignored and is thought of as the part of the definition
of fpr(,...,Q).
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A remark should be made that the forms belonging to Wy may have different degrees
if there are Chevalley-Eilenberg cocycles present. As a result, spaces Wy may contain
different number of elements. For instance, (5.19) can be reduced to (§.20) if one defines

W _{{Wé}, q<p-r

= - (5.21)
{Wq7 Wq—p+r}7 q=. (p - 7‘),

where W(} and Wg_p .+ take values in g-modules R and Rg, respectively. In terms of (.19
the elements of Wy for ¢ < (p — r) were referred to as 5&1, the elements of Wy for ¢ =
(p—r)...(p—1) to as 5&1, fgl_err, the elements of W for ¢ = p to as Wé, W2, the elements

of Wy for ¢ > p to as Rcll, Ra_p +r (the equations of motion and Bianchi identities).

5.2 Interpretation of unfolded systems describing free fields

When describing free fields, unfolded formulations will be referred to as frame-like [B1, B0,
though the very term frame-like has a more broad definition. These systems consist of
equations (B.7), describing background geometry, of a finite chain of (5.I7)-like equations,
describing the gauge fields of the model and of (F.17)-like equations with ¢ = 0 glued to
gauge forms, i.e., it requires a Lie algebra g (commonly iso(d—1,1), so(d—1,2) or so(d, 1)),
a set of g-modules Rg,..., Ry and an appropriate set of nontrivial Chevalley-Eilenberg
cocycles fo1,...,fn—1,~. The physical degrees of freedom are contained in the forms of zero
degree and the module Ry in which zero degree forms take values is infinite-dimensional.

Since frame-like unfolded systems contain inevitably infinitely many fields, most of
them being either auxiliary or Stueckelberg,'? there arises a problem of reconstruction a
metric-like formulation by a given unfolded formulation or of extracting the dynamical
content for a given unfolded system.

The questions to be answered are: what are the dynamical fields, what are the dif-
ferential gauge parameters and what are the gauge invariant equations of motion. These
answers are not universal and depend on the chosen scheme of interpretation. Different
interpretations correspond to dual descriptions of the same dynamical system.

Frame-like unfolded systems are endowed at the linearized level with additional struc-
tures, providing a natural way for interpretation. Indices A, B, ... vary over certain finite
dimensional Lorentz irreps, i.e., each of R, n =0,..., N decomposes as Ry, = Y ;. Pn.k,
where P, ). are certain so(d — 1,1)-modules characterized by Yy, ;) Young diagrams of
section .

We say that some frame-like unfolded system is given an interpretation if [p2]

1. On the whole space W = @2‘;0 Wyq, where the matter gauge fields, gauge parameters,
equations of motion and Bianchi identities take values, there exists a bounded from
below grading g = 0,1,...,i.e, Wq = EB;";O W4g. The homogeneous element of W is
a certain differential form with values in certain so(d — 1,1)-irrep and is denoted as
W3. In simplest cases the grade is just the rank of the so(d — 1,1)-irrep the element
of W§ takes values in.

12A field is called Stueckelberg if it can be gauged away by pure algebraic symmetry.
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2. The closed subsector of one-forms Q! describes a background geometry, viz.,
Minkowski or (anti)-de Sitter. The generalized covariant derivative D is to be di-
vided into three parts, the last one not being necessary nontrivial

D=Dp—o0_+o0y4, (5.22)

where Dy is a background Lorentz-covariant derivative and has a zero grade, o_
is an operator of grade (—1) and o contains positive grade operators. The only
differential part is in Dy, whereas o1 acts vertically and is built of the background
vielbein h%. If two modules are glued the gluing element is supposed to be of grade
(—1) and also denoted as o_.

The equations then have the form
g—n
DLW" 4> oy (W) =0 (W), g=0,1,... (5.23)
i=1
and analogously for the gauge transformations. In the flat space all operators of positive
grade appear to be trivial for the massless case. As it does not affect the analysis let us
consider a simplified version with o, = 0. Then, D? = Di?>+o0_Dp+Dro_+ (c_)?=0is
equivalent to D2 =0, (6_)?> = 0 and 0_Dy + Dro_ = 0. The first is a part of the flatness
condition (f.§) for the iso(d — 1,1)-connection. The second is the nilpotancy condition for
o_. The third is satisfied provided that o_ is twisted by the factor (—)2s, where (A,+1) is
a degree of o_, which is equal to the number of the vielbeins A® that o_ is built of. Indeed,
the vielbeins h® anticommute with Dy and, hence, the action of o_ is to be twisted by the
factor (—)?¢ in order o_Dy + Dyo_ = 0 holds true. Without further mention, the pure
sign factor (—)®¢ will be though of as a part of the definition of o_.
It is useful to illustrate the action of o_ when, for example, unfolded equations on
fields with values in two modules R and Ry are glued as in (f.19)

G = g
Vv /
///// e
S S

a7 0”0 o

Wéu/o/o/o
v

: (5.24)

where short arrows stand for the action of o_ within each module and long arrows for the
action of o_ between two modules (gluing terms) and dots stand for gauge fields/parameters
at different grades, bold dots represent the elements of W, = {Wé, W23
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All information about the dynamics turns out to be concealed in cohomology groups

of o_ b9, H(o-) = I;;’g:)). Let us analyze unfolded system (p.20), which at grade g has

the form

368 = Drgd +o_ (65,

SWY =D&l 1 +o- (&),

0=DW§+o_ (W),

(5.25)

Beginning from the deepest level of gauge transformations and from the lowest grade, it
is obvious that those £g+l that are not o_-closed can be treated as Stueckelberg(algebraic)
gauge parameters for those &] that belong to the image of o_. Therefore, those
&) that are o_-exact can be gauged away. The leftover gauge symmetry satisfies
68 = Dr&g + o—( gH) = 0, so that those £g+1 that belong to the coimage of o_ are
expressed via derivative of . Having sieved Wy and Wi in this way, only those & are
still independent that are o_-closed and hence belong to H%(o_), since only forms of
zero-degree are elements of Wy. Then, those f“l’H that are not o_-closed can be treated
as Stueckelberg gauge parameters for those & that belong to the image of o_. Therefore,
only those & are still independent that are o_-closed but not o_-exact and hence belong
to H'(0_). Having sieved Wp,. .. WWp—1 one after another, it turns out that independent
differential gauge parameters at the k-th level are given by HP~*(o_). Analogously, those
fields W that are o_-exact can be gauged away by virtue of Stueckelberg gauge parameters
at Wp—1. Those fields Wg“ that are not o_-closed can be expressed via derivatives of
fields at lower grade by virtue of the equations Rf) 41 = DLW§ + O'_(Wg+1) = 0, these
fields are called auziliary. Therefore, the dynamical fields, i.e., those that are neither
auxiliary nor Stueckelberg, are given by HP(o_). The nilpotency of D? = 0 implies certain

relations of the form DLRIg) 1t U_(Rf:ri) = 0 between Rf, y1-  Therefore, auziliary
fields are expressed by virtue of o_-exact Rf, 41 and o_-non-closed Rf)ia are themselves

g

expressed via derivatives of R Consequently, the independent equations on dynamical

+1-
fields are given by Hp+1(0_).pFr0m the cohomological point of view higher degree forms
correspond to certain nontrivial relations between equations called Bianchi identities and
manifest gauge nature of equations. As there are generally more than one levels of gauge
transformations, one can expect the higher cohomological group to be nontrivial.
To sum up, the field-theoretical meaning of the o_ cohomology groups is collected in
table [l.

To distinguish fields in cohomological sense the following convention is introduced [53]:

Stueckelberg fields(gauge parameters) are those that can be eliminated by pure al-
gebraic symmetry, i.e., these fields are o_-exact (are those that can be used to gauge
away certain fields, i.e., these parameters are not o_-closed).

Auxiliary fields are those that can be expressed via derivatives of some other fields, i.e.,
these fields are o_-nonclosed. Let us note that this definition is generally ambiguous,
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cohomology group | interpretation

HP=F k=1...p | differential gauge parameters at the k-th level of reducibility

HP dynamical fields

Hp+1 independent gauge invariant equations on dynamical fields

Hpth+l L =1...p | Bianchi identities for the k-th order gauge symmetry

HPHE k> p supposed to be trivial in a regular case

Table 1: Field-theoretical meaning of the o_ cohomology groups.

e.g., in system

9A = B,

5.26
0B = A, (5.26)

which field is auziliary is a matter of choice. This ambiguity is removed by virtue of

grade [63, B3

Dynamical fields are those that are neither auxiliary nor Stueckelberg, i.e., these fields
are representatives of o_-cohomology classes.

Note that if certain dynamical field given by HP belongs to the grade-g; subspace ng
and the corresponding equations given by HP*! belong to the grade-g. subspace ng_l, the
order of equations is equal to g, — g5 + 1.

If the unfolded system is supposed to admit a lagrangian formulation, there has to be a
one-to-one correspondence between the number of dynamical fields and that of equations,
k-th level gauge symmetries and k-th level Bianchi identities, i.e., in a certain sense there
should be a duality HP=% ~ HPTIHE [ ¢ [0,p]. This takes place for all unfolded systems
exemplified in this paper.

Since the operators involved, i.e., Dy, and o_, are of grade 0 and —1 only, the fields
with the grade greater than gg, for any gg > 0, form a quotient module, thus describing the
same system on its own - dual formulations. This picture partly breaks in (A)dSy because
of appearance of grade +1 nilpotent operator o .

D=Dp+o_+ Mo, (5.27)

The specific character of frame-like unfolded systems, which will be crucial for us,
is that by virtue of the inverse background vielbein h4 all form indices of any gauge
field /parameter Wq" (s1)-ap(sm) can be converted to the fiber ones

Wa1(sl),...,am(sm)|[d1...dq] _ Wﬁll(sﬁ)7...’am(sn1)huldl o h,uqdq. (528)
T

The resulting tensor Wa1(s1):-am(smlldi--dq] jg not irreducible and can be decomposed into
so(d — 1,1)-irreps according to the so(d — 1, 1)-tensor product rule

e ammlidedd — y{s) st Q) Y{(1,9)} =D Ya, (5.29)
so(d—1,1) @
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where one-column Young diagram Y{(1,q)} of height-¢q represents the anti-symmetric in-
dices di,...,d; and Y, are the so(d — 1,1)-irreps the tensor product decomposes into.
Having converted all fields (parameters, equations) of a given unfolded system to the fiber
tensors one can make the identification of the fields in the unfolded approach and those of
the metric-like approach, though the general covariance, gauge invariance and other ad-
vantages of the unfolded formalism will be not manifest. While constructing the unfolded
formulations of a known metric-like systems or interpreting a given unfolded system in
terms of metric-like fields, this technique will be widely used. Moreover, the calculation of
o_ cohomology groups is largely based on the explicit evaluation of (f.29)-like expressions.
Once an unfolded form is known no use of this technique is needed either to generalize it
to other backgrounds or to introduce interactions.

Field Wa1(s1)sam(sm)lld1-dq] ig traceless in aq, ..., an and di, . . . ,dq, separately. How-
ever, the cross traces need not vanish and, hence, some of Y, represent traces. To distin-
guish between the traces of different orders let us introduce the following: the Y-valued
degree-g form Wg[ is said to be a trace of the r-th order iff it has the form

Wy =h...hh.. . hCY (5.30)

r q—r

for some Y’-valued degree-0 form C’Sf ', where (¢ — r) indices of the background vielbeins
h® are contracted with the tensor representing Y’ and r indices are free for the whole
expression to take values in Y, the appropriate Young symmetrizer is implied. When the
indices of Wg are converted to the fiber ones, the expression takes the form o ... CY,
—_——

T
i.e., C'Y' represents a trace of the r-th order.

Different aspects of unfolding are illustrated on the examples of a massless scalar field,
a massless spin-one field and a massless spin-s and spin-(s + %) fields.

5.3 Examples of unfolding

Example 1. Unfolding a scalar field [31, [63]. First, it should be noted that it is easy,
of course, to convert the Klein-Gordon equation JC' = 0 to a system of first order equations

8,C = C,,,

5.31
o"C,, =0, (5:31)

but when writing the second equation the explicit form of the metric is to be used, hence,
these equations are not of unfolded form (5.1).

Described in terms of a scalar field C(x), the theory is brought into a non gauge
form, therefore, zero-forms only are allowed, or else there would be some gauge symmetry
according to (0.4). The most general r.h.s. of dC' = --- has the form

dC = haC® (5.32)

for some vector-valued zero-form C®. This equation just parameterizes the first derivative
of C(z) and is similar to the first of (6.31). There are three terms allowed on the T.h.s.
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of dC% = ...
dC® = hyC¥® + hyC® 4 poC’ (5.33)

with C**, C% and C' taking values in antisymmetric, symmetric and scalar so(d — 1,1)-

irreps, i.e., H, M, e. The first term is forbidden by Bianchi identity h,dC® = 0. To
analyze the remaining terms let us decompose dC® into so(d — 1,1)-irreps

d,Cnt =] :DI@H@ ., (5.34)

where H= olectl m=9leca) — én““@bC’b, e =0,C%=0C.

The H component represents Bianchi identity in the first order reformulation of the
Klein-Gordon equation. Indeed, expressing C% as d*C implies @C? = 0. o represents the
desired Klein-Gordon equation, whereas (I is the only component allowed to be nonzero
on-mass-shell. Therefore, to impose the Klein-Gordon equation the term h®C’ has to be

omitted,
dC? = hyC. (5.35)

The only possible r.h.s. for dC% = --- compatible with Jacobi identity hydC® = 0 is of the
form dC® = hyC% for C* taking values in a rank-three symmetric so(d — 1,1)-irrep,
i.e., 1. The process of unfolding continues unambiguously in this way and results in the

full system
dCk) = p,cokb = pelk) (), k=0,1,..., (5.36)

where C®%) s rank-k totally symmetric traceless field, i.e., taking values in
so(d —1,1)-irrep.

To make a connection with the general statement of section [}, for Y = Y{(0,0)} the
general scheme results in

Y,: ° [] (1] [L1]
{n,k}: {0,0} {0,1} {0,2} {0,3}
g: 9g=0 g=1 g=2 g=3
4Gg: 0=0 ¢=0 ¢@=0 g3=0

therefore, spaces Wq and operator o_ which enters D = Dy, — o_ should be defined as
Wq = {Wq, Wa, Wg, - 3

oy [0 g=0, (5.37)
o-(Wa) = hyWala=b g 5 0.

Consequently, W is a space of various differential forms with values in totally symmetric
traceless so(d—1,1)-tensors, graded by the form degree and by the rank of so(d—1,1)-irreps.
Space Wq forms an irreducible iso(d — 1,1)-module. System ([5.38) reads

Dwg = 0, wo € Wp. (5.38)

The cohomology groups of o_ are easy to find:
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HO(o_) = C(z), as the lowest grade field is automatically closed, o_(C) = 0, and it cannot
be exact as a form of zero degree. Contrariwise, zero-forms with grade greater than
zero are not closed, o_(C*+1) = h,C*Rb = 0 = Ck+1 = 0;

HY(o_) = h®B(x)o, for some B(z)o € W). One-form B¢ = h%B(z)o is closed,
o_(B$) = hoB§ = hah®B(x)o = 0, and it cannot be represented as o_(C?) = hyC®
as far as C% is traceless. The cohomology groups at higher grade are trivial since
o_(h*B*F)(2)g) # 0 for k > 0;

H?™>Y(o_) =0, as one can make sure.

The interpretation in terms of section[5.3 is as follows: as is expected, the dynamical field
given by HY is C(x). The equations are given by the projection of dC* = hyC® to HY,
i.e., JC = 0. The fields with k > 0 are auxiliary, being expressed via derivatives of C(x),
colk) = ga . 0°C(x). Inasmuch as there is no gauge symmetry in the system, the higher
cohomology groups are trivial.

An infinitely many dual formulations of a massless scalar field are also included. In-
deed, the fields with k > ko > 0 form a quotient module Ry, i.e., one can consistently write

dCk = o_(C*), k> k. (5.39)

The first equation
deko) — p, calko)b (5.40)

imposes on the dynamical field C'%(ko)

abcrba(ko—l) — 0’

8[bcc}a(ko—1) -0 (541)

/—IjOH
which imply, at least locally, C¥%0) = 9% . 9*C and OC = 0, for some field C(x).
All fields at higher grade are auxiliary. This statement is confirmed by the coho-
mology analysis: HO(RkO,O'_) = C, j.e., scalar is described in terms of a traceless
rank-ky symmetric tensor field subjected to the equations given by Hl(RkO,a_) =
h“Bg(ko_l) _ Folko—1) n“athg(k°_2)c + thg(kO)’c, for Bg(ko_l), Bg(ko)’c taking values in

2(d+2ko—4)
kg
s0(d — 1,1)-irreps characterized by diagrams Lho—11] [] . These two elements

represents just the components of Wfo ~ @ [ with the symmetry of Lko —1]
kq
(trace) and , the third component with the symmetry of ko +1 1is ezact.

The above results can be easily extended to (A)dSy background and to a massive scalar

field [63),

DC* =6 _(CHY o, (CF 1) =0, (5.42)

where there appears a nontrivial positive grade operator

_ _ —1) _
k—1y 2 2 1 Be a(k—1) (3 aap, a(k—1)b 4
o (C" ) =(m” = Nk(k+d—1)) C dron 1" »C (5.43)
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and Dy, is a Lorentz-covariant derivative in (A)dSq. In the (A)dSy case the situation is
more interesting due to the appearance of o4 operator and the possibility of the accidental
degeneracy of o4 when m? = \2k'(K' +d — 1) for some k' [3]. W

Example 2. Unfolding Mazwell equations [64, [68]. An ezample of massless spin-
one field is more interesting as a gauge system. The main object is a one-form A,. From
gauge transformation law

0A1 = déo (5.44)

it follows that there should not be other forms of rank greater than zero. If this were the
case the gauge parameters of these new forms would be involved by virtue of (b.4), making
the gauge law for Ay inappropriate. Indeed, there are two possibilities to introduce higher
degree forms on the r.h.s. of dA=---:

(i) dA1 = Rg for a scalar valued degree-two form Rga, which possesses its own gauge
parameter x1, 0Re = dx1. In accordance with ([5.4) the gauge transformation law for
Ay is modified to A1 = d€o+ x1 so that Ay can be gauged away by virtue of Stueck-
elberg gauge parameter x1. This case corresponds to contractible free differential

algebras ([5.14).

(i) dA; = hbwli for a vector valued degree-one form w§$, which possesses its own gauge
parameter €g.

In accordance with the gauge transformation law for Ay is modified to A1 = déo+hpel
s0 that Ay can be gauged away by virtue of Stueckelberg gauge parameter €. Consequently,
in both cases A1 can be made non-dynamical, which is not what was expected. Therefore,

]

the only possibility is to introduce a zero-form C’([)ab , anti-symmetric in a, b, parameterizing
by virtue of

dAy = hahyCL™ (5.45)

the Mazwell field strength. Bianchi identity hahde([)ab] = 0 tolerates two terms on the
r.h.s of dCY" = ...
dcl® = n.clte 4 plocl, (5.46)

with C([)ab}’c and C§ taking values in H and O so(d — 1,1)-irreps, the former taken in
antisymmetric basis. In order to determine which of the terms should be omitted, if any,
the decomposition of the first derivative of the Maxwell field strength into Lorentz irreps
has to be analyzed

|
Clablle = GMC[‘“’]h“C :D@)H:E@D@_ , (5.47)

where H = olect, o = 9,0%, and B = °Clatl — glecal] 4 2oyelag,ctld. gleghd s
identically zero provided that Cl% is expressed via the first derivative of A, or represents
the second pair of Mazwell equations in terms of field strength C'%. In both cases,
this component should be zero and, moreover, this can not be kept monzero as there is
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no h.Clav like term allowed on the r.h.s. of ([5.48). The second, d,C®, is the desired
Mazwell equations in terms of A,, or the first pair of Maxwell equations in terms of the
field strength. Consequently, to impose Maxwell equations term RleCY has to be omitted,
whereas the third is the only component allowed to be nonzero on-mass-shell.

Again, unfolding continues unambiguously and requires an infinite set of fields C’([,ab}’c(k)
k]
taking values' in [ to be introduced
dolabhets) — p olable®)d — p— 1, (5.48)

The full system has the form

dA; = hamyCS* = F(A,C), §A1 = déo,

(5.49)
dC([)ab]’c(k) _ hdc,gzb},c(k)d — F[ab},c(k) (C’), k=0,1,...

and represents two modules being glued together by the term on the r.h.s of the first equation.
For Y =Y{(1,1)}, i.e., N =1 and p = 1, the general scheme of section [J results in

. . H | L]

p L L
{n,k}: {1,0t {0,0} {0,1} {0,2}
g: 9g=0 g=1 g=2 g=3
4gg: qo=1 =0 ¢=0 ¢g=0

therefore,

Wy = {{W‘)}’ 7=0, (5.50)

ab abl,c
(W, Wl wlhe 4, >0,

let us point out the shortening of Wo. The action of o_ on Wq € Wy is defined as

0, g=70,
o (W) =S hahyW,  g=1, (5.51)
haW ™D g1

With D = Dy, — o_, unfolded system (5.49) can be rewritten as
le = 0, 5&)1 = 'Dfo, (5.52)

where w1 € Wh and § € Wy. The fields at {n = 1,k = 0} ~ g = 0 form a finite-
dimensional iso(d — 1,1)-module, whereas the fields with {n = 0,k = 0,1,...} ~ g > 0
form an infinite-dimensional iso(d — 1, 1)-module.

Again, the cohomology groups are easy to find: gauge parameters are given by
H%(o_) = &, dynamical fields by H'(0_) = Ay, Maxwell equations by H?>(c_) = h[“Bg},
and the Bianchi identities for the first order gauge transformations by H3(o_) = h*h?By,

13The fields C1**¢(*) are taken in antisymmetric basis, i.e., they are antisymmetric in a, b, symmetric in
C(k) and C[ab,d]c(kfl)zo‘
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the rest of groups are empty Hk>3(0_) = (. Important is the direct correspondence between
the number of fields in H' and the equations in H?, the gauge parameters in H® and the
Bianchi identities in H3.

There are infinitely many of non-gauge dual formulations based on Clabtlctko) ¢ ¢ for
ko = 0 one recovers the Mazwell equations in terms of the field strength

glech =,

5.53
0,C%" = 0. (5.53)

Let us note that the ambiguity at the first step of unfolding (the terms h*C” and hlaC?)
in the above two examples) expresses the possibility of introducing a mass term.

Example 3. Unfolding a totally symmetric massless spin-s field [31, [64, [64].
We start from the metric-like description of a massless spin-s field in terms of a double-
traceless symmetric rank-s field ¢, . ., satisfying ([{-13), the second order equations are
invariant with respect to the first order gauge transformation with traceless rank-(s — 1)
gauge parameter &, .. ;. Inasmuch as the Young diagram of so(d — 2) is of
the height one, there are gauge transformations of the first level only. Therefore, the dynam-
ical field in the unfolded approach has to be a one-form. There is only one way to identify

Gur s and &y g, with certain w}(‘) and 53[0 taking values in the same so(d — 1,1)-irrep

Yo, namely, Yo =L s—1 ] ie., wi(s_l) and 58(5_1) takes values in a rank-(s — 1) sym-

metric traceless tensors. Field ¢y, .. ., is identified with a totally symmetric part ofw‘;(s_l),

- N bs—1  ai..as—1 e .
€, Ouyipy = h(m o hus—lwus) Nayby - - - Nas_1be_1 s the double-tracelessness condition is

the consequence of the tracelessness of wi(s_l)

inoay...as—1. &uy..u,_, 15 identified with
58(8_1) directly Euy pn \ = hzll ...hzssillfal"'“s”nalbl -+ Nay_1bs_, and one can make sure
that the Fronsdal’s gauge transformation law is recovered from 5w‘11(5_1) = d&g(s_l). Field

s—1
wi(s_l) has a redundant component with the symmetry of , which can be made

Stueckelberg by virtue of gauge parameter €2 with the same symmetry type, i.e.,

(5&);(8_1) — dé-g(s_l) + hcgg(s_l)’c' (554)
It automatically follows that there is a degree-one gauge field wi(s_l)’b coupled with w;(s_l)
as
dwi(s—l) — hcwg(8_1)7c' (555)
The only solution to Bianchi identity hcdw[{(s_l)’c =0 is'
Db = et Dbe (5.56)

s—1
where a new field with the symmetry of 1s introduced, and so on

(s—1),b(k) a(s—1),b(k)c

dw? = hew; (5.57)

The proof is not given as more general statement about the solutions of such equations is proved in the
next section.
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s—1
until the field with the symmetry of , for which the Bianchi identity solves as

dwi(s—n,b(s—l) _ hchd(}g(s_l)c’b(s_l)d, (5.58)

where field C’g(s)’b(s) represents a generalized Weyl temsor and has the symmetry of

S

. The solution of Bianchi identity hchdng(S_l)c’b(S_l)d = 0 has the form

dcg(s),b(s) _ hc (Cg(s)c,b(s) + gcg(s)b,b(s—l)c) 7 (559)

s+1
where Cg(s+1)’b(8) has the symmetry of S . The second term on the r.h.s.

of (b-59) supplements the first one to have a proper Young symmetry. Further unfold-
a(s+4),b(s)

ing requires a set of degree-zero forms Cy , taking wvalues in so(d — 1,1)-irreps
characterized by Young diagrams SS ' . The full system has the form
dwi(s—l),b(k) _ hcw;(s—l),b(k)c,
5w¢11(s—1),b(k) _ dfg(s—l)b(k) n hcgg(s—l),b(k)07 kel,s—2,
dwtlz(s—l),b(s—l) _ hchdcg(s—l)c,b(s—l)d7 &Ug(s—l),b(s—l) _ dfg(s—l),b(s—l)
dOa(s+i),b(s) _ hc< a(s+i)eb(s) 4 i Ca(s+i)b,b(s—1)c> 7 i €10,00).
1+2

(5.60)
By the construction the system incorporates Fronsdal’s field ¢, .., with the correct gauge
law, but there is still to be proved that the Fronsdal’s equations are really imposed and
that there are no other dynamical fields in the system. Let us reconstruct Fronsdal’s

equations ([.13), whereas the second statement will be proved as a part of a more general
theorem. The first two equations of (.604) read

O™ — 0w = heowatme — g wismhe, (5.61)
8uwz(s—l)7b _ aywz(s—l),b _ hcuws(s—l),bc _ hcywz(s—l),bc (5.62)

It is convenient to convert all world indices to the fiber ones

8cwa(s—1)\d - 8dwa(s—1)\c — o‘)a(s—l),c\d - o‘)a(s—l),d|c’ (563)
acwa(s—l),b|d - adwa(s—l),b\c — o‘)a(s—l),bc\d - o‘)a(s—l),bd|cj (564)
where W=D = wz(s_l)hb#, wals=1)ble  — wz(s_l)’bhcﬂ7 Lals—1)bble = wz(s_l)’bbhcﬂ,

Contracting with nyq and, then, symmetrizing ¢ with ay ...as_1 results in
acwa(s—l),da _ 8awa(3_1)70‘c =0. (565)

By symmetrizing in (5.63) ay ...as_1 with d

wals=Dela = gega(s—Dlla _ gayals—1)le (5.66)
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and, then, by contracting with Ngq,
W = (5 1) (B 2ele - oyt ) (5.67)
all the terms of can be expressed via w5V Plugging these to gives
Ows=Dla _ gag,_ <(s _ 1)wa(s—2)c\a + wa(s—l)\C) + (s — 1)aaaaw“(s‘2)c‘c =0, (5.68)

where w5 to be identified with Fronsdal’s field ¢*) as w*s—Dle = %qb“(s), then,

wa(s—Q)C‘c — %(#1(8—2)067 (S _ 1)wa(s—2)c\a + wa(s—l)\c — (ba(s—l)c and the equation acquires

the Fronsdal’s form ({{.13)
D¢a(s) _ Saaac¢a(s—1)c + 5(3271) 8aaa¢a(8—2)c6 —0. (569)

For Y =Y/{(s,1)}, i.e., N =1 and p = 1, the general scheme of section [} results in

s—1 s s+1 |
Y,: s
{’I’L, k} : {170} {178_ 1} {070} {071}
g: g=20 oo g=s5-1 g==s:s g=s5+1
9 qo=1 ... ga=1 qs =0 s+1=0 ...,
therefore,
{{Wg(s—l) Wg(s—l),b o Wg(s—l),b(s—l)} q=0
Wq: alsS— ’ al\s— ’ ’ alsS— S— ’ als S als S ’
{Wq( 1),Wq( 1)’b, .. .,Wq( 18( 1),Wq(_1)’b( ),Wq(_fl)’b( ), }og>0,
(5.70)
and
0, 9=70,
) hWas D bla= e, gell,s—1], -
o_ = .
R P g=s,
a(g—s—1)c,b(s s a(g—s—1)b,b(s—1)c
he (Wgldp70o0) 4o s qwglapsm Do) g s g
With D = Dy, — o_ full system ([5.64) can be rewritten as
le = 0, (50.)1 = Dgo, (572)

where w1 € Wy and &g € Wo. The fields at {n =1,k =0,...,s—1} ~ g € [0,s—1] form a
finite-dimensional iso(d—1, 1)-module, whereas the fields with {n =0,k =0,1,...} ~g>s
form an infinite-dimensional iso(d — 1, 1)-module.

The representatives of cohomology classes can be chosen as HY = g(s_l),

Hl — hbqsa(s—l)b’ H2 — hbtha(s—l)c _ hatha(s—2)bc +7naahatha(S—4)bcnn + (ﬁnabhahc +
anaahbhc)Ga(s—i’))cn 715 H3 — hbhahcxa(s—2)c’ HE>3 — @’ where ¢a(s) and Ga(s) are

n

15 (s(d+s—5)—d+6)(s—2) ﬁ _ (s=2) _ (d4+s—6)(s—2)(s—3)
a= 2(dts—4)(d+2s—6) > P = T@ts—2) 7 = 2(dts—2)(d+25-6)
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s=1) are traceless. HO! are nontrivial at

double-traceless tensor fields and £~V and
the lowest grade, whereas H>3 are nontrivial at grade-one, therefore, the order of equations
that are imposed on the dynamical field is equal to two. It turns out that there is no
need in the explicit form for a, B and 7, it is sufficient to find out the Young symmetry
of representatives only. The uniqueness of Fronsdal’s theory at the level of action was
demonstrated in ] and at the level of equations in [§, p3]. Consequently, there is no need
for equations (p.69) to be found explicitly - those of Fronsdal are the only possible. Again,
there is a one-to-one correspondence between the number of fields in H' and the equations
in H?, the gauge parameters in HO and the Bianchi identities in H3. The system contains

Wf(s_l)’b(ko) at the lowest

an infinitely many of dual formulations, those that have field
grade are gauge dual descriptions, whereas those that have field C*5tko)b(s) qt the lowest

grade are non-gauge. Dual description based on field Wf(s_l)’b(l) was elaborated in [6§). M

Example 4. Unfolding a totally symmetric massless spin-(s + %) field [69, [70,
[34]. Unfolding a totally symmetric massless spin-(s -+ %) field results in literally the same
unfolded system (5.60), ([5.73) but with fields taking values in so(d — 1,1)-irreps that are
wrreducible spin-tensors with the same tensor part as in the bosonic case. Note that operator
o_ s not modified but the o_ cohomology groups are slightly changed such that the equations
become of the first order.

The Dirac equation. Unfolded system ([5.34) or, equivalently, (5.38) describes a
massless spin-% field provided that C* take values in % so(d — 1,1)-irreps, i.e.,

ck = coak) gnd Fg‘ﬁCﬁ;ba(k_l) = 0. Contracting the first equation of ([5.34)
0,0 = hyCa (5.73)
with hb"Ff ., gwes the Dirac equation
e ,0°C” = 0. (5.74)

the rest of equations express auxiliary fields in terms of derivatives of dynamical field C*.
The Rarita-Schwinger equation. Unfolded system (B.49) or, equivalently, (5.53)
describes a massless spin-% field provided that irreducible tensors in (5.50) are replaced

by the corresponding irreducible tensor-spinors, i.e., A1 = Afj, ck = ¢lable®k) gng
Fg‘ﬁCﬁ;[ach(k) =0, Fg‘ﬁCﬁ?[“dec(k—l) = 0. Contracting the first equation of (b.49)

1 .

5 (047 — 0,A7) = Byah,C19Y (5.75)

with T'-matrices and converting world indices u, v to the fiber ones according to A%* =
A7 R gives the Rarita-Schwinger equation

b0t AT — TR J AP =0, §AN = 9, (5.76)

The rest of unfolded equations express auxiliary fields in terms of derivatives of dynamical
field Aj.
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The Fang-Fronsdal equation for a spin-(s + %) massless field. Unfolded
system or, equivalently, describes a massless spin-(s + %) field provided that
irreducible tensors in ([B.70) are replaced by the corresponding irreducible tensor-spinors.
With all world indices converted to the fiber ones the first equation of has the form

Ga;a(s—l)\[cd] = acwﬁ;a(s—lﬂd - adwﬁ;a(s—l)\c — wﬁ;a(s—l),c\d - o‘)ﬁ;a(s—l),d\cj (577)

where wa;a(s—l)|b = wg?“(s_l)hbu; wa;a(s—l),b\c = wgﬂ(s_l)vbhcu'

Analogously to the bosonic case, nonsymmetric component of W=Dl can be gauged

away algebraically. Hence, the Fronsdal’s field %) is identified as w®(s—Dla — %qﬁa?“(s).
Then, Fg‘ﬁtbﬁ?“(s) = bﬁwﬁ?“(s_l)‘b, Fgfﬁrfw’y;“(s—?)bc = nbcwa?“(s_mb‘c and the Fronsdal’s

a;a(s—1)|b

triple I'-traceless constraint is a consequence of irreducibility of w Mo, aj...as_1

and the lack of any conditions with respect to ai...as—1 and b. Since the Fronsdal’s field

contains three irreducible components with the symmetry of | s L, s1 1 and
2 2
1, the equations of motion has to be montrivial in these three sectors too. The

2
projector on the dynamical equations is simply I'yY ﬁGﬁ?“(S_l)’b‘“ and gives

szﬁabqﬁﬁ;a(s) o Saargﬁqﬁﬁ;a@—l)b =0, (578)

which is in accordance with ([{.23). But we would like to note that there are two components

with the symmetry of L_s-1 11| namely, npGo=2blac gng F?BFEVG'W(S_I)”I’C}. The
2

correct projector on this component of the equations is given by the combination

2(8 - 1)ncho¢;a(s—2)b\ac _ V?ﬁfycﬁryG%a(S_l)Hbc]a (579)
which is identically zero when Ge=VIb s expressed via w*s=1-Cld by virtue of (5.77).
Therefore, it is ([5.79) that does not express certain part of whals=eld in terms of
first derivatives of the dynamical field %) and, thus, this is a dynamical equation.
Obviously, (5.73) is a representative of o_ cohomology group szo- In terms of %) the
representative has the form

_1)

g 0P8 grete-De _ g gmate-ne 1 D) gugmalo2e g (5.80)

2 [

which is equal to the T-trace of (5.78). The gauge transformations has the form
5¢a;a(s) — 80’6&;&(8_1), (581)

where Fg‘ﬁfﬁ?“(s_2)b =0.

Consequently, unfolded equations for totally symmetric bosonic fields are proved to
completely determine the unfolded equations for totally symmetric fermionic fields. Though
o_ 1is not modified in the fermionic case, o_ cohomology groups are changed, since the
fermionic dynamical equations are of the first order. B
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6. Unfolding mixed-symmetry fields

First, in section [.1] an example of the simplest massless mixed-symmetry field of spin—EP
is investigated in detail and leading arguments are given for a spin—BEP field. Second, the
general statement on arbitrary mixed-symmetry fields is proved, whereas technical details
are collected in sections [.4 and [.J. The analysis of the number of physical degrees of
freedom is carried out in section [p.3

6.1 Simplest mixed-symmetry fields

Example 5. .S’p'in-EP field. In the metric-like approach a spz'n-EP field is minimally
described [I4, by the subjected to ({.13) field ¢y, that takes values in a reducible
so(d — 1,1)-representation H @0, the latter component is identified with the trace ¢p.." .
The gauge transformations ([.16) has two levels of reducibility, with two gauge parameters
fiw), f[ﬁy} taking values in @ e, H so(d —1,1)-irreps at the first level and one parameter
&, taking values in O so(d — 1,1)-irrep at the second level ([{.17).

Furst, the metric-like field ¢, has to be incorporated into certain differential form
eqY, which is called a physical vielbein, the so(d—1,1)-irrep Y and the degree q to be defined
below. To make the symmetries both of the first and of the second level of reducibility
manifest the degree of the physical vielbein has to be two, at least.

Moreover, were the physical vielbein taken to be a degree-one form, not all of the gauge
symmetries even at the first level would be manifest. Indeed, there are two possibilities for
physical vielbein ey to contain a component with the symmetry of H-. Namely, Y = 1

and Y =H since o ®O0O= H GIoIea and H ®R0O= H &) ﬁ @®0O. The associated differential

gauge parameter is £(E,|:‘, in the first case, and £H, in the second case. Inasmuch as the
gauge parameters are the forms of degree-zero only one of the required two parameters is
present in each of the cases.

The degree of the physical vielbein has to be not greater than two if the component as-
sociated with the metric-like field ¢, 1s required not to be a certain trace part. The reason
why o dynamical field should not be a certain trace part is explained in the next section.

Therefore, the physical vielbein has to be of degree-two and has to take wvalues
in so(d — 1,1)-irrep that belongs to the vector representation O, i.e., eg = €5 = €.
The associated gauge parameter 515 = & = gg contains in its Lorentz decomposition
o®0O= H @G D e both anti-symmetric 5;?,, = f&hg]nab and symmetric 55,, = f?ﬂhi’,)nab
gauge parameters, the latter enters along with the trace §Zhg. There exists a second level
gauge parameter xg, which is directly identified with &, as &, = hgxanab. There are no

redundant components in the gauge parameter. However, physical vielbein eg contains

one redundant component in its decomposition into Lorentz irreps O ® H = Hj eO08 H
The first and the second components are to be associated with a traceful ¢, ., whereas
the third one, totally anti-symmetric component elalbe of ealbe = efwhb“hc” , 18 a redundant

one and has to be made non-dynamical. In order to do so, algebraic gauge parameter anbc}
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with the symmetry ofH s introduced. It is obvious from pure algebraic gauge law
Se§ = hyh £l (6.1)

that the redundant component can be fived to zero and e3 can be directly identified with ¢, ,
as €up = Guppyh®™ . From gauge transformation laws de3 = d€Y, 6§y = dxg, t.e., dey, =
5 ( ug,, 0 Su)’ 08, = Oux“, required gauge transformations #-18), {-17) for metric-like
field ¢, and for the first order gauge parameters 5(“1”), f[ﬁy} are easily recovered.

Since in the unfolded approach each gauge parameter possesses its own gauge field and

[abc]

vice-verse, associated with ft[)abc] gauge field wla enters as
a [abc]
dey = hyhewy (6.2)

which determines the first equation. Applying d to this equation results in Bianchi identity
hbhcdw[labc} = 0, which has a unique solution of the form

dwl™ = ngh Clob ], (6.3)

with C’([,abc]’[df } having the symmetry Eﬂ of the generalized Weyl tensor of a spin-EP field,
i.e., it is anti-symmetric in [abc|, [df] and C’abc Af = 0. 10 clarify the form of the
solution let C’([,abc”[df I be a degree-zero form anti-symmetric in [abc], [df] and with no
definite symmetry between these two groups of indices. The Bianchi identity implies

hbhchdth([)abcmdf = 0, which is equivalent to Cg[bcldf = 0 since vielbeins h* anticommute.

Therefore, the solution is parameterized by those components of C([)abcmdf N E ® H that has
the symmetry of Young diagrams with no more than three rows, since the requirement for
total anti-symmetrization of any four indices to give zero is the characteristic property of

Young diagrams with at most three rows. E@ Hs HE‘ is the only component of zero trace
order'® with three rows and there are no components with the number of rows less than
three. Alternatively, one could search for the solution in the sector of degree-one forms
labe] _ p, C[abc”d, with some C£abc”d, but Bianchi identity hbhcthgabC”d = 0 implies

[abc]|d

as dwy
that the only component of C ® 0 that is allowed must have less than three rows,

which is impossible since [abc] makes Young diagrams of H ® O consist of three rows, at
least.'™ Thus, one has to search for the solution among the forms of less degree.

16 Although, there are trace components with the number of rows less than four, e.g., B, their tensor
product by the metric n®® contains components with the symmetry of the si(d)-Young diagrams with more

than three rows. Nontrivial trace with the symmetry of B:\ corresponds to the mass-like term. Hence,
traceful tensors either do not satisfy the Bianchi identities or introduce mass-like terms.

17 Again, the trace component H enters the tensor product as n ® H and has the number of rows not less
than three.
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Further unfolding requires a set of fields ClabebldfLo(k) with the symmetry of
to be introduced and the full system has the form

de = hyhewol™, oy = dgf + hphotg™, 0€L = dxg,
4™ = hghpCleth), s = deg™,
dolab ey _ p clabel. gk, (6.4)

Consequently, the unfolded system incorporates field ¢, with all required differential
gauge parameters at all levels of reducibility; the redundant component of the physical viel-

bein does mot contribute to the dynamics. w[labc] ~ H@D = E@HJGBH, the first component is

a field strength for the redundant field, once the field has been gauged away, the associated

field strength is zero and w,[)abc} = h““hb"hC)‘T[WM,p for some Ti5) ps Tpwn,p) = 0, which in-

corporates both B:\ and 0 (as the trace). To recover equations ) in terms of metric-like
fields it is convenient to convert all fiber indices to the world ones in the first two equations

Ouein) = Myjuhensy”, (6.5)
8[uwzbc = hd[uhfy] Cabc’df, (6.6)

to substitute T}, , and to contract two indices in the second equation

a[MQSV)\],p = T/u/)\,p7 (67)

O Tpr — 0Ty, " = 0.

Plugging in (6.8) gives equation ).
For Y = Y{(2,1),(1,1)}, i.e., N = 2 and p = 2, the general scheme of section [}

results in
@ |
Y,: [] L L
{n,k}: {2,0} {1,0} {0,0} {0,1}
g: 9=0 g=1 g=2 g=
4Qg: 90=2 qa=1 ¢@=0 ¢g=0 ...,
therefore,
{Wg}7 q= 07
Wa = {Wi, W™, a=1, (6.9)
{VV(CIL7 Wo[la—bi}’ an_bgv[df]’ W([;ﬁ’;]v[dﬂvg, . '}7 q> 17
and
0, g=0,
abc
o (W) = hbhcw‘%a;ﬁ}’ " 9=1 (6.10)
hyh Wl — g,

de([lrz_a;L[bbLC(g—?»)d’ g>2.
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with D = Dy, — o_ unfolded system ) can be rewritten as
DW2 = 0, (50.)2 = Dgl, (551 = Dfo (611)

where wg € Wa, & € Wy and & € Wy. The fields at {n = 2,k = 0} ~ g = 0 and
{n=1,k =0} ~ g =1 form two finite-dimensional iso(d—1,1)-modules, whereas the fields
with {n =0,k =0,1,...} ~ g > 2 form an infinite-dimensional iso(d — 1, 1)-module. B

Example 6. sz'n-EEP field (briefly). In the case of a massless spz'n-EEP field, there
are two gauge parameters at the first level of reducibility, which have the symmetry'® of

, EFD, and one gauge parameter at the second level with the symmetry of 5. First, for
Y =Y{(3,1),(2,1)} the proposed scheme results in

Yg: L L]
{n,k}: {2,0} {2,1} {10} {0,0}  {0,1}
g: 9g=0 g=1 g=2 g=3 g=4
4Gg: 90=2 =2 ¢@=1 ¢g=0 q¢g=0

therefore, the physical vielbein has to be a two-form taking values in H], i.e., e@j = ega’b.

Associated gauge parameter {?ﬂ = ﬁa’b has components H ®0 = H- S3) H S3) H:\, the
first two having the symmetry of the required gauge parameters, with the third one being
redundant. The last three components in the decomposition of the physical vielbein B:‘@)H =

HEPEBH:DEBHE‘@E:\ are also redundant. By virtue of Stueckelberg symmetry with parameter

5@3 these three components can be gauged away, inasmuch as H:\@)D = EIGBEE‘@E:\. The

redundant component H:\ of the first level gauge parameter 5?:\ also can be gauged away by

virtue of Stueckelberg symmetry with level-two gauge parameter &g . Consequently, at least
the fact that the unfolded system incorporates the metric-like field, all the required gauge
parameters, and redundant components do not contribute to the dynamics is proved. B

6.2 General mixed-symmetry fields

Given a massless field of spin’Y = Y{(s1,p1),.-.,(Sn,pN)}, described by a metric-like field
¢y (), taking values in the irrep of the Lorentz algebra so(d—1, 1) with the same symmetry
type( minimal formulation) there exists a unique unfolded system with the physical vielbein
at the lowest grade and all symmetries being manifest that reproduces the original metric-
like system. The system has the form (5.1).

Sketch of the proof 1.

¥To simplify the example no consideration is given to the trace components of the fields.
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1. The lowest grade field (physical vielbein) eg(oo turns out to be completely determined
by the requirement for it to contain the metric-like field and for its gauge param-
eters §q o k> 0 to contain all the necessary gauge parameters at all levels of

reducibility (f.19).

2. eqYOO and its gauge parameters appear to contain redundant components that have to

be made non-dynamical. The only way to achieve this is to introduce Stueckelberg
symmetry 5eqYO° = ai(fql 1) (5§q0 1 = 01_(5(11_2) k>0,

which turns out to be unambiguously defined by this requzrement.

. with certain fq ko

3. f;fll_l has associated gauge field le and gauge transformations 5wY0 =0 (5(11 1)
completely determines the first equatzon deq0 = J_(wg{ll), whzch zmplzes Jacobi

identity o~ (dle) = 0. The general solution is proved in section to have the
Y
as -
Jacobi zdentzty 0% (dwy?) =0 and so on.

form dwY1 = o2 (wX2?) with certain w The second equation implies the second
q2

4. Once, the total unfolded system is defined, the proof of the facts that (i) the correct
dynamical equations are imposed; (ii) there are no other dynamical fields or other
differential gauge symmetries in the system; is obtained through the calculations of
o_ cohomology groups. Ignoring the trace pattern of fields, i.e., for traceful tensors,
the proof of (ii) can be simplified and is done in this section. Even stronger statement
that there exists a duality HPT'H* ~ HP=F s proved in section [6_3.

First, as it is clear from the examples above, the metric-like field ¢y, (x) has to be incor-
porated into a differential form ego of degree-q taking values in certain so(d—1,1)-irrep Y
(for this reason e};‘) is called physical vielbein). Having converted all world indices to fiber
ones in accordance with (p.29), so(d — 1, 1)-tensor product Yo ® Y{(1,¢)} of Y, with one
column diagram of the height ¢ must contain the component with the symmetry of Y.
In the case of the minimal formulation Yy = Y, where Y = Y{(s1,p1),...,(sn,pN)}
characterizes the spin.

It is useful to introduce a notion of the quotient of two Young diagrams: let the quotient
of two Young diagrams Y1/Y32 be a direct sum of those diagrams, whose so(d— 1, 1)-tensor
product by Y5 contains Y. For the first sight, given ¢ > 0, any element @ of Y,;/Y{(1,49)}
might be chosen as Y. If ¢ is greater than the height of Y, the component with the
symmetry Y in the tensor product @ ® Y{(1,¢)} has to be certain trace, inevitably.

Although, there is no apparent problems in considering unfolded systems with dynam-
ical field hidden in certain trace component of the physical vielbein, e.g., Maxwell gauge
potential A, might be identified with the trace e, Lht of two-form €~ However, this exotic
incorporating of the physical field does not take place in the already known systems. More-
over, it can be proved that such exotic systems do not exist, if irreducible. Nevertheless,
they might be a part of some reducible system, which describes more than one field. There-
fore, we require the degree ¢ of the physical vielbein to be not greater than the height of Y ;.

Inasmuch as
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1. the equations imposed on ¢y (x) possess reducible gauge transformations with the
number of levels equal to the height p = zziv p; of Y;

2. for a degree-q gauge field of an unfolded system there exist ¢ levels of gauge trans-
formations;

the degree ¢ of physical vielbein e?{o

must be equal to p.

The quotient Y/Y{(1,p)} contains only one element (provided ¢y (x) is forbid-
den to be a trace component), it is the diagram (B.2) with the symmetry of Y, =
Y{(s1 —1,p1),...,(sny — 1,pn)}, i.e., it is equal to Y without the first column. Therefore,
physical vielbein ego is completely defined. So does gauge parameters ég_ok at the k-th
level of reducibility, k& € [1,p]. The requirement for tensor product Yo ® Y{(1,p — k)} to
contain all gauge parameters &% given by (f.19) at the k-th level of reducibility is also
satisfied. Consequently, the whole pattern of fields/gauge parameters of the metric-like
formulation is reproduced. Note that Yo = Y and gy = p in the terms of section fi.

Let us note that if one writes down the physical vielbein explicitly as eﬁgf_};l)"”’a” (sp _1),
where s; are the lengths of the rows of Y and converts the form indices to the tangent ones
by virtue of inverse background vielbein h*¢

e1(51=1),ap(sp—1)|[d1...dp] _ ezllgfbgl),...,ap(sp—l)hmdl o hupdp7 (6.12)
dynamical field ¢y () should be identified with e (s1=1ap(sp=Dlar--ap which has the
symmetry of Y with some traces included. Consequently, the generalized Labastida’s
double-tracelessness condition ([.20) [P0 is obvious, inasmuch as the contraction of two
metric tensor n*%in%% with the i-th group of indices vanishes.

Generally, in addition to ¢y (x), decomposition Yo ® Y{(1,p)} of physical vielbein
e;,[o into Lorentz irreps contains redundant components, which must not contribute to the
physical degrees of freedom. So does Yo ® Y{(1,p — k)}, i.e., in addition to £ it contains
a lot of components that can not be made genuine differential gauge parameters. There
are only two possible ways to get rid of redundant fields in the unfolded formalism:

A. redundant components could be directly fixed to zero by algebraic (Stueckelberg)
Symmetry.

B. redundant components might be auxiliary fields for other fields (at lower grade) and
so on. The process stops since the grade is assumed to be bounded from below.

We require dynamical fields incorporated in the physical vielbein to be at the lowest grade.
Actually, (B) takes place for dual gauge descriptions, but not for the minimal. Therefore,
the only possibility to make redundant components to be non-dynamical is to introduce a

Stueckelberg symmetry with certain parameters §Y1

qi1—k
Sep® = d&Y0y + ol (65 4), (6.13)
060y = dg)y0, + ol (€11 ,), (6.14)

...... , (6.15)
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1

where ol is a certain operator built of background vielbein h® that contracts a number of

indices of Y1 with h%...h¢ to obtain Y. Diagram!® Y and form degree ¢; can be easily

found since Y1 ® Y{1,q1 — ¢}, @ > 0 must contain all redundant components of ego and
Y
&k
In the unfolded formalism each gauge field possesses its own gauge parameter and vice-

Y,

versa. Therefore, there is a gauge field wq ',

which contributes to the equations for ego as

dego =o! (w?{ll) . (6.16)

The first equation determines the first Jacobi identity of the form al_(dw(‘fll) = 0, which
can be solved as

dw:fll == (w:f;) (6.17)

Yo
q2

of Jacobi identities is given in section [.4. From now on let the superscripts of o_ be

for certain gauge field wY? and operator o2 that satisfies oL 02 = 0. The general solution
omitted. The second equation determines the second Jacobi identity o_ (dw?{;) = 0, which
can be also solved and so on. Consequently, the knowledge of the lowest grade gauge
field 6;[0 and of the Stueckelberg symmetries required to get rid of redundant components
determines the first equation, which by virtue of Jacobi identities determines the second
and so on. The total unfolded system has the structure

Y Y1
dwq,” = o (wqgil), g=0,1,...,

5w229 — dgggg +o_ <5Y9+1 > ’ (6.18)

Qngl_l

55329:...,7

where o_ is certain algebraic operator built of background vielbein h® and (o_)? = 0.

The only facts remain to be proved are that there are no other dynamical fields and
that the proper correspondence (duality) between the cohomology groups holds true. To
this end it is sufficient to analyze only the so(d — 1,1)-irreps content of Hf, i.e., only the
symmetry type and the multiplicity of irreducible Lorentz tensors that by virtue of (5.3()
are the representatives of H{.

It is proved in the next section that there is a duality H’g’;lg ~ Hgilfﬂ between the
o_ cohomology groups, which reveals the one-to-one correspondence between the gauge
dynamical fields and equations of motion, the level-k gauge symmetries and the level-k
Bianchi identities. The representatives of cohomology groups in the sector of fields and
gauge symmetries directly correspond to those of metric-like approach and there is no other
nontrivial cohomology in these sectors.

Though, the trace pattern of fields/gauge parameters is also important and the cal-
culation of o_ cohomology groups provides a comprehensive answer to this question, the

very procedure being a bit technical. Ignoring the trace pattern of the fields, it can be

Yo

easily proved that the required metric-like field is incorporated in physical vielbein e, ?°,

9The specific character of Minkowski massless fields is in that all Stueckelberg parameters can be incor-
porated into a single Yi-valued form, this not being the case for (anti)-de Sitter massless fields.
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all the redundant components of the physical vielbein can be gauged away by a pure al-
gebraic symmetry and the same holds for differential gauge parameters f;go_ i at all levels
of reducibility, i.e., the required pattern of gauge parameters is recovered, whereas all the
redundant components are either Stueckelberg or auziliary. This is the necessary condition
only and the traces has to be taken into account. Also, it is still to be proved that the
correct equations of motions are imposed. Provided that there are no trace conditions on
the fields, the system is referred to as off-shell [69). An off-shell system may contain only
constraints that express auxiliary fields via the derivatives of the dynamical field, imposing
no restrictions on the latter.

The off-shell system. Technically, ignoring the traces is equivalent to the replace-
ment of all so(d—1,1)-irreps by the sl(d)-irreps that are characterized by the same Young
diagrams, i.e., instead of taking so(d — 1, 1)-tensor products one needs to apply the si(d)-
tensor product’s rules, which are much simpler. The decomposition of the physical vielbein

eXo

ql into sl(d)-irreps is given by diagrams Yy,,, of the form

S1 — 1
o1
P

82—1
o%)
P2
SN — 1 JQN

PN

JQNH

where a1 + -+ + anyy1 = qo = p. The decomposition of Stueckelberg gauge parameter

521(11_1 for eg(oo has the components of the same form but with ay41 > 1 because Y7 (B.3)

has already the form of Yy with one cell in the bottom-left. Therefore, all components

Yo
d0

component of eg(;) with a1 = 0, namely, it has a; = p;, i € [1, N] and, hence, has the

: (6.19)

of ea? except for those with ayy; = 0 are of Stueckelberg type, but there is only one

symmetry of Y. The decomposition of level-k differential gauge parameter 5;20_1( has the
form (p.19) with a1 + -+ + ay+1 = p — k and, again, all the components of 53120_1{ with
an+1 > 1 can be gauged away by pure algebraic symmetry with f:fll_k_l. Consequently,
there is a complete matching between (4.19) and those in 5;20_1( that are not pure gauge
themselves. It can be easily proved also that, if ignoring the traces, there are no other
dynamical fields/differential gauge parameters at higher grade. Consequently,

Lemma 1. H(o_) with respect to sl(d) are given by

(6.20)

Yiur:9=0, aq+--+an=k an1 =0, k<p
Hk(U—)sl(d): o) !
0, k> p.
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The triviality of the higher £ > p cohomology groups for si(d), which should contain
equations of motion and Bianchi identities, is expected since the system is off-shell. For
the equations to have the second order in derivatives the only nontrivial cohomology group
HP+%

HP*! must be at the grade-one, i.e., # (). As is seen from the examples above, the

equations correspond to those representatives of HZ; that are certain traces. Indeed, the
total rank |W;gg |, which is equal to the sum g4 + [Y,| of degree g, and rank of Y, is
preserved by o_. Therefore, |Wq§”| (Wal| + g and |Rq1+1| lwdo| +2 = Y] + 2,
where eYO e W3~ = and RY 141 € Wg:_i contain metric-like field ¢y,, (z) and the equations

on ¢y (z ), respectively. Consequently, the representative of H” +1 that corresponds to the
equations on the traceless part of ¢y (x) has to be identified with certain trace of the first

order and so on for the traces of ¢y (z).

The calculation of o_ cohomology groups carried out in section f.§ implies

1. The only nontrivial cohomology groups are Hp —o and Hgilfﬂ, k=1,...,p. Therefore,
the dynamical fields and independent gauge parameters belong to the zero grade
Wgzo subspaces; the equations are of the second order and the Bianchi identities for

the k-th level gauge symmetries are of the (k + 2)-th order.

pt+k+1
2. Hrg 0 Hr+k+1g 1

of Hp _o that are traces of the r-th order and the elements of H§+k+1 that are traces
of the (r + k + 1)-th order. Roughly speaking, H? ~ HP*1 HP~! ~ HP*2 and so on.
Therefore, there is a one-to-one correspondence between the dynamical fields and the

i.e., there is a one-to-one correspondence between the elements

equations of motion, the level-k gauge symmetries and the k-th Bianchi identities.

3. The so(d — 1,1)-irreps that correspond to the elements of HP=(o_) and are the
traces of the zeroth order are given by the so(d — 1, 1)-Young diagrams that have the
form (B.19) with a1 = 0 and oy + --- + ax = p — k, which exactly reproduce the
required pattern (f.19). Note that certain higher order traces are also the elements of
cohomology groups. These fields represent the ’auxiliary’ fields of the metric-like for-
mulation, which had to be introduced to make the gauge symmetry off-shell. To prove
the theorem it is not necessary to know the concrete trace pattern, the duality between
the cohomology groups is sufficient. The details of the trace pattern are in section f.5.

In the fermionic case the traces are substituted for I'-traces. Important is that acting on
tensor indices only, o_ does not break down the irreducibility of spin-tensors. The duality

p+k-+1 p+k+1
has the form Hrg 0 Hr+k+1 o= H

are of the first order and the duality between fields/ equatlons, gauge symmetries/Bianchi

o or simply H’;;k , which means that equations

identities takes place, which completes the proof.

Note, that Yy—s;, = Y{,—0r—0} has the symmetry of the generalized Weyl tensor for a
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spin-Y massless field

S1
p1+1
S2
b2
SN
PN
(6.21)

Analogously to the examples of section .3, massless mixed-symmetry fields can be de-
scribed by the same unfolded system (B.6)) that is restricted to W§ with g > go, i.e., the
system contains infinitely many dual formulations. As the generalized Weyl tensor and its
descendants are non-gauge fields, the dual descriptions with gy > s; are non-gauge and the
dual descriptions with 0 < gg < s1 are gauge.

6.3 Physical degrees of freedom counting

Notwithstanding the simplicity of the unfolded form and the uniqueness of unfolding, there
still might be a question of whether the unfolded equations do describe the correct number
of physical degrees of freedom.

It is well-known that for systems with the first class constraints only, with massless
fields belonging to this class, the counting of degrees of freedom is that one first level
gauge parameter kKills two degrees of freedom, one second level gauge parameters kills
three degrees of freedom, and so on. For example, a spin-two massless field possesses

@ degrees of freedom, which is just @ — 2d, @

and d being the number of
components of ¢, and §,.

The complete information concerning the number’ of fields/gauge parameters, i.e.,
the multiplicity and the symmetry of corresponding tensors, is contained in HI;:O(J_) for
k =0...p. Not only can a number of physical degrees of freedom be calculated but the
whole exact sequence that defines an iso(d — 1,1) irrep can be derived. The elements of
this sequence are certain so(d — 1) tensors that define an so(d — 2) tensor as a quotient
of so(d — 1) tensors, e.g., ({.1§). The decomposition of so(d — 1,1)-fields into irreducible
tensors of so(d — 1) can be done with the aid of d, or, after Fourier transform, with the
aid of momentum p,,.

For example, for a spin-two field the cohomology groups that correspond to the dy-
namical fields/differential gauge parameters and its decomposition into so(d — 1) irreps are
given in table .

Quick sort of Young diagrams in 0 — 2H% — H! — 3((0;0) — 0 gives the
correct exact sequence 0 — O — [ — H (0;00) — 0, which defines a massless
spin-two irrep H (0;C0).

For the simplest mixed-symmetry field, the hook—H]7 there are two levels of gauge
transformation, hence, relevant cohomology groups are H’, H! and H? (see table fJ). Again,
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s0(d — 1,1)-representatives | reduction from so(d — 1,1) to so(d — 1)

HO O~ &, O®de

H! MO® e~ g, ¢V, #0 Mead 2e

Table 2: Relevant representatives of cohomology groups for massless spin-two field and its reduction
to so(d —1).

so(d — 1, 1)-representatives reduction from so(d —1,1) to so(d — 1)
HO O~ &, Ode
H' | Homoe~eld @es, &V #0 Home @ 2e
H? T oo~ g, dw” #0 HoHemomae

Table 3: Relevant representatives of cohomology groups for massless spin- EP field and its reduction
to so(d —1).

quick sort of diagrams in 0 — 3H? — 2H! — H? — X <0;H:\> — 0 gives exact
sequence ([i.1§).

Consequently, the problem of calculation the number of physical degrees of freedom, to
be precise, of deriving the exact sequence, is effectively reduced to the simple combinatoric
problem of (i) decomposition so(d—1,1)-Young diagram representatives of H(o_) to so(d—
1)-diagrams; (ii) cancellation of like terms in sequence

0— (p+1)H? — pH! — ... — 2HP"! - HP — 3((0;Y) — 0. (6.22)

Skipping combinatoric technicalities we state that in the general case of a spin-Y massless
mixed-symmetry field (p.29) reduces to the correct exact sequence that defines a wirrep
H(0;Y) of iso(d — 1,1).

6.4 Solving the generalized Jacobi identities

Unfolding some dynamical system there arises a problem of solving Jacobi identities (f.9)

1
q

h® is contracted with the fiber indices of wé"'. The Jacobi identity restricts dwcll'“ to have

that have schematically a form h...hdwg = 0, where a number of background vielbeins
a certain specific form dwcll"' = h...hw?, where the so(d — 1,1)-irrep, in which w2 takes
values, the degree r and the projector built of h...h are completely determined. The
solutions are given by’

20 As was pointed out in section E nonzero traces either violate Bianchi identities or introduce mass-like
terms and, therefore, are ignored.

— 43 —



Lemma 2. A. Let wgl(s)""’a”(s)’b(k) be a degree-q form taking walues in Y =
Y{(s,p), (k,1)} so(d — 1,1)-irrep. The general solution of

hedwat (5)ap () bh=le _ (6.23)
has the form
hcwgl(8)7"'7aP(8)7b(k)07 k < s,
dwgl(s),...7ap(s),b(k) =< b hcwgl_(;)f,l-..,ap(S)c,apﬂ(8)0’ k=s, q>p+1, (6.24)
0, k=s, q<p+]1,

where wgl(s)""’ap(s)’b(k+l) and wgl_(f:ll)"“’ap(sﬂ)’a”l(S+1) take values in Y{(s,p), (k+1,1)}

and Y{(s +1,p+ 1)} so(d — 1,1)-irreps, respectively.?*

Proof. The parametrization of dwq by a degree-(¢ + 1) form taking values in the same
so(d — 1,1)-irrep, dwgl(s)""’a”(s)’b(k) = Rgﬂr(i)’“"a”(s)’b(k), obviously fails to satisfy (6.29).
Inasmuch as (p.23) contains a vielbein, the solution has to contain a number of vielbeins

too. The most general parametrization of dwg' (8)>--1ap(s).b(k)

(8)7"'7aP(8)7b(k) — hdw(l:lll (8)7"'7aP(8)7b(k)‘d

with only one vielbein included
has the form dwq' for some g-form taking values in a
tensor product of Y by a vector representation, i.e., there is no definite symmetry between

index d and the rest of the indices.

blk=1)eld _ @1(8),wap(s) bk =Dleld] _ (6.25)

hchdwgl (8);--sap(s) 0 «— wq

Only those irreps in Y ® [ are allowed that have ¢ and d symmetric, i.e., corre-
spond to Y{(s,p),(k+1,1)}, for k& < s. This is not possible in the case k = s, i.e.,
Y =Y{(s,p+ 1)}, and the only possibility to have ¢ and d symmetric is to add the whole

column to Y, which requires dwgl(s)""’a”(s)’b(k) to be represented as dwgl(s)""’ap(s)’b(k) =
h h ai(s—1)c,...,ap(s—1)c,ap+1(s—1)c
C

cochewg o
speaking, the proof is based on the fact that the anti-symmetrization of two indices at

and, therefore, ¢ must be large enough. Roughly

the same row of a Young diagram is identically zero, the anti-symmetrization being due to
contraction with vielbeins.

Note that choosing nonmaximal solutions of Jacobi identities results in lowering the
gauge symmetry so that not all redundant components are excluded.

Unfolding totally-symmetric massless higher-spin fields the possible r.h.s. terms in

dw‘ll(s_l)’b(t) = ... are restricted by Jacobi identities and an essential use is made of

Corollary 1. The solution of Jacobi identity

),b(t—1)c

hedw(®™! =0 (6.26)

s of the form
(s—1),b(t)c

a(s— hc 1 1 <s— 1)
dwl( 1),b(t) — { Wy s (627)

hchdcg(s—l)c,b(s—l)d t—s_1.

21The symmetric basis is used, being more convenient in this case as the contracted with vielbeins tensors
are already irreducible.
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The following statement is a generalization of the Lemma-A to the case where {(s,p), (k,1)}
is a ’subdiagram’ of a larger Young diagram Y that has a number of rows prece-
dent/succedent to {(s,p),(k,1)}. Appropriate Young symmetrizers have to be included
as the mere contraction of a number of vielbeins breaks the irreducibility of the tensor. For
instance, hw$1):0(2=1)¢ i already irreducible with the symmetry of Y{si, sy — 1}, but
this is not the case for hcw“(sl_l)c’b(”), which has to be added one term how®(s1=Deb(s2)

L__p wi(s1)bb(s2=1)e 6 get the symmetry of Y{s; — 1,s5}.

s1—s2+1

Lemma 3. B. Let w;l'"’al(s)""’a”(s)’b(k)’"“ be a degree-q form taking values in Y =
Y{(...,(s,p), (k,1),...} so(d—1,1)-irrep, where the dots stands for the blocks in Y prece-
dent/succedent to {(s,p),(k,1)}. The general solution of

I [hcdwd..,m(S),~..,ap(8)7b(k—1)c,...} —0, (6.28)

where 1[...] is a Young symmetrizer to Y{....,(s,p)(k —1,1),...}, has the form

,a1(8),...,ap(8),b(k)c, ...

I | hewq” , k <s,
dwa“’al(S)’.“’ap(S)’b(k)’““ — I hc hcw----yal(i)cv~~~7ap(s)cvap+1(S)Cy~~~~:| k =3 q > p + 1
A q—p— ) ) — )
0, k=s, qgq<p+1,

(6.29)

,a1(8),...,ap(8),b(k+1),.... and w....,al(s—i-l),...,ap(s+1),ap+1(s+1),..

where wq” dep—1 " takes values in
Y{...,(s,p),(E+1,1),...} and Y{...,(s+1,p+1),...} so(d — 1,1)-irreps, respectively,
and I[...] is a Young symmetrizer to Y{....,(s,p), (k,1),...}.

Proof. The proof is similar to that of Lemma-A with the only comment that the sym-
metrizers do not affect the argumentation that anti-symmetrization of two indices in the
same row is identically zero.

6.5 Dynamical content via o¢_ cohomology

Before discussing the calculation of o_ cohomology, let us first recall necessary facts con-
cerning the evaluation of so(d — 1, 1)-tensor products. Let P(eq,...,ex|m) be a number of
integer partitions ki + - -+ + ky = m of m, where k; is constrained by k; < ¢; and different
rearrangements of k; satisfying the constraints are regarded as distinct partitions. The
generating function for the partition P(eq,...,exn|m) is

Il
=2

T et

D Ple,... en|m)t™ = — (6.30)
m 1 —t

<.
Il

These integer partitions gives the multiplicities of irreps in so(d — 1, 1)-tensor products
(Clebsh-Gordon coefficients) we are interested in [71]].
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The so(d—1,1)-tensor product of an arbitrary irrep Y* = Y{(s;,p;)} by a one-column
diagram of the height ¢* can be explicitly calculated as

S1
D1 - D1 S1
By
T — |\ T
P2 ® lq| = D Napgsafpr =
{oy}1.{8:}
SN
PN ||
(6.31)
where o, B; : a; + i < p;, i € [1,N], ant+1 > 0 and there exist p > 0 such that
i=N
¢ = Z (@i +Bi) + a1+ 2p. (6.32)
i=1
The multiplicity Nya;y,16:} of Yj{k a8} is given by integer partition
Nia;}46:3 = Ple1, - enlp), € =pi— i — f; (6.33)
and the total trace order r is
=N
r=>Y Bi+p (6.34)
i=1

Roughly speaking, to obtain an element of the tensor product one should, first, cut off from
bottom-right of the i-th block a column of height 5; —~i, p; > B —7: > 0 (to take different
traces) and, second, add an arbitrary number a; + 75, p; > a; +v; > 0 of cells to each
block, provided the ~; cells annihilate, i.e., they are added to the places from which ~; cells
were removed at the first stage. Multiplicity may be different from one due to different
rearrangements of 7;, i.e., when multiplied by the rest of g-column different traces can give
rise to the same diagram. The number of such rearrangements is given by P(eq,...,en|p),

p= Zzziv ~i. For instance, sl(n)-tensor product HoHis given simply by

[ ] |
| | |
L] ®sl(n)H: oll ol ol . (6.35)
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The so(d)-tensor product can be represented as a sum of the form

L] |®80(H)H: L] |®sl(n)H @_OT@?sz(n)%@z m@

zeroth order traces first order traces
_ B
| [ ] ||
P = ({L@%% = ol ol ol |P
2nd order zeroth order traces

|
P Lo 2] @E @ L. (6.36)

first order traces ond

order

where the sum is over trace order and the boxes that are connected by the arc are to be
contracted and, then, the sl(n)-product rules are to be applied to the rest of the diagrams.

Evaluating the so(d — 1,1)-tensor product of an arbitrary spinor-irrep Y* =
YA{(s;, p,)}% by a one-column diagram of the height ¢* one can contract any number of I
matrices with the indices of the column and then multiply, therefore, the tensor product
rule for spin-tensors can be reduced to bosonic rule (6.31) as

, (6.37)

M=

Y{(shpi)}% ®so(n) Y{(lv Q)} = (Y{(Slvpl)} ®so(n) Y{(lv q— k)})

=
Il
[SIE

0

for example,

D% ®so(n)H= g @@1 EB (1]

| s

N—— S——
zeroth order I'-traces first order I'-traces

& 2D% &y . . (6.38)
~—~— —~—
2nd order I'-traces 3d order I'-traces

N
(NI

1
. . . 5 * . .
The multiplicity N (o, 148:) of Y {08} is given by

i=p

1
NE 36 :Z;P(el,...,e]ﬂp—i). (6.39)

Let us now analyze the origin of o_ cohomology. Its action o_ : Wg — g;i preserves
g+ ¢ and hence the whole complex C(W,o_) is a direct sum of complexes C(¢’,o_), where
q' refers to the end element ngzo of the complex

Clq,o-): 0— ... — Wg,z_ll — ngzo — 0. (6.40)
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Moreover, o_ preserves the total rank (the form degree + rank of the so(d — 1,1)-irrep
in which the field takes values). Let Wg(sl)""’a(87’L) be an element of Wg,. When all form

indices of Wg(sl)""’a(sm) are converted to the fiber ones according to (f.29)

War(s1),am(sm)|ldi..dg] — WS;(Sﬁ)v---,am(Sm)huldl ... hHada (6.41)

the action of o_ is just an anti-symmetrization of all di, . .., d, with those indices a; that are
extra as compared to Y ,_1 plus some terms to restore the correct Young symmetry of Y,_;.
Let the decomposition of W@1(51):am(sm)l[d1-de] jppe so(d — 1,1)-irreps be of the form

Y{ai(s1), - am(sm)} Q) Y{(1.0)} = P EP N, Y, (6.42)

r=0 i,

where the summation is over the trace order r and, then, over i,, which enumerates all
s0(d—1,1)-irreps that enters in the tensor product as the traces of the r-th order, N being
the multiplicity of Y7 . The multiplicity of the zeroth order traces is always equal to one,
NZ% = 1. In fact, the diagrams ng can be directly obtained by the sl(n)-tensor product rule.

The very anti-symmetrization is insensitive to whether a certain component enters as
a trace or not. When decomposed into so(d — 1, 1)-irreps the elements of Wg, and W(gl,;ll
have a number of components of the same symmetry type. The action of o_ is just a

22 or sends it

linear transformation that either sends the whole so(d — 1, 1)-irrep to zero
to the components of Wg;ll of the same symmetry type. Important is that o_ does not
act between different so(d — 1,1)-irreps. Therefore, complex C(¢’,o_) is a direct sum of

complexes, parameterized by so(d—1, 1)-irreps Y’ that are given by various tensor products
Y @ Y{(L9)} (6.43)

. Yinky . ' .
provided that the field Wq " is an element of W(gl, 4 for certain i. When reduced to

such a complex
C(Y' ¢ ,0-): 0—...=V;=V,q—...—=0 (6.44)

the action of o_ is a linear transformation between the spaces V;, — V,_;, dimensions of
which are equal to the multiplicity of Y’ in the decomposition of Wé;q and Wé;g;i. The
action of o_ is maximally non-degenerate compatible with nilpotency. Therefore, to find
cohomology groups the dimension of each linear space in every complex has to be calculated.

Let us note, that only the types and multiplicities of so(d—1, 1)-irreps are found below,
i.e., no attention is paid to the description of how the corresponding tensors are contained
in the fields W;,{ . This is sufficient for our purposes, though, it is obvious (6.13) how the
metric-like field ¢y,, is incorporated in an element of Wgzo.

The calculation of o_ cohomology is divided into three cases that cover the whole

variety of so(d — 1, 1)-irreps that can result from the tensor products (.43).

22provided that the appropriate basis on the space of s50(d — 1,1)-irreps with the same symmetry type is
chosen.
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In the Lemmas below it is assumed that complex C(Y’,¢’,0_) is parameterized by

so(d —1,1)-irrep Y' = Yj{kajﬂi} of the form (6.31) with Y* = Yy, 1}, ¢* = ¢ such that

Wg{”’k} € C(¢',0-) and p is defined according to (f-39).
In the first case Y’ is an element of Yo ® Y{(1,¢)}

Lemma 4. The o_ cohomology groups ngo and ngl are nontrivial and are given by

ON+1 = 07
Y{(si = L,2i)} oy 80 M{ag ) * =N o = g a€l0pl, 9=0,
q — =0 [
HE= 1 o ~ (6.45)
: gep+1,2p+1], g=1,
0, g>2p+1, anyg,

where My, 5,y 1 the multiplicity of the irrep Y{(s; — 1,pi)}{ajﬁi}, defined below.

Proof. From the very form of Yi,—noy = Yg=0 = Y{(si — 1,p;)} it follows that the
s0(d — 1,1)-irreps that the element of W4~ ~ Yo ® Y{(1,¢)} decomposes into may be
contained in ngi only, i.e., Wgzo and ng{i contain no so(d — 1,1)-irreps of the same
symmetry type for k > 1. Therefore, the length of complex C(Y’,q,0_), where Y’ €
Yo®Y{(1,q)} is equal to one, i.e.,, C(Y{(s; — 1,p,~)}{ajﬁi},q,a_) 00—V — Vh — 0,
where the dimensions of 1, and V; are given by the multiplicities of the so(d — 1, 1)-irrep
Y{(s; — 1,pi)}{aj iy in ngi and W(glzo, respectively,

P(Elv'-'>€N|p_1) pzlv
. ANyl = 0,
dlm(vl) = 07 p= 07
P(€17"'a€N|p)7 an+1 >0,
dlm(VQ) :P(El,...,EN‘p), (646)

If anyy1 > 0 the dimensions of Vg and V; are equal and each irreducible component of
Wgzo with ay11 > 0 can be gauge away by virtue of the corresponding element of ngi,
thus being exact. H*>2P*1 = (). inasmuch as p < p and the components of the forms
with rank greater than (2p 4+ 1) must have ax41 > 0, thus being exact. If ayi1 = 0 the
dimensions are different, dim(V;) < dim(Vp) for ¢ < p, dim(V;) = dim(Vp) for ¢ =p+1
and dim(V7) > dim(Vp) for ¢ > p. Therefore, the number of those Y{Sivpi}{aj,ﬁi} € W&ZO,
q < p that are not exact is equal to My, 5,3 = |dim(V1) —dim(Vp)|, the same is the number

of those Y{si,pi}{aj’ﬁi} € Wg_i, q > p+ 1 that are not exact. The obvious property of
integer partitions

P(ey,...,en|m) =P(e1,...,enle1 + -+ ex —m) (6.47)

Hp—k ~ Hp+k+1

7. g=0 k4 1,g=1 OF; roughly

results in the important duality in the cohomology groups
speaking, HP ~ HPt1 HP=1 ~ HP*+2 and so on.
The second case is the complex C(Y’,¢',0_), where Y’ is an element of the tensor

product Yy, 1y ® Y{(1,q)} for certain ¢ > 0 with 1 < k < k"% — 1.
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Lemma 5. IfY' is an element of the tensor product Y 1, 1y ® Y{(1,q)} for certain ¢' > 0
with 1 < k < k" — 1, the complex C(Y',q',0_) is acyclic.

Proof. The complex has the length two, ie., 0 — V — V3 — Vo — 0, where
the dimensions are given by dim(Vy) = P(ey,...,en|p), dim(Vi) = P(er,...,en, 1jp + 1),
dim(V2) = P(e1,...,en|p+1). Simple calculations with generating functions results in
dim(Vp) < dim(V}), dim(V3) < dim(V;) and dim(Vy) — dim(V7) + dim(V3) = 0 and, conse-
quently, the sequence is exact.

Analogously,

Lemma 6. If Y’ is an element of the tensor product Y ® Y{(1,q)} for certain ¢ > 0
with k =0 and n < N, the complex C(Y',q',0_) is acyclic.

Proof. The speciality of such Y’ is that the complex has the length three, i.e., 0 — Vj —
Vi — Vo — V3 — 0, where the dimensions are given by

dlm(‘/(]) = P(Elv . '>€N|p)7
dim(V1) =P(e1,...,€én—1,6n + 1, €41, .., €N]|p),
P(€1,. -y €n—1,Pn — €ny€ntl,---,€ —€,— 1 >en+ 1,
dlm(VQ) _ ( 1 n—1,Pn nsy €Ent1 N|P n ) P n 7
0, otherwise,
P(e1,...,€n—1,Pn —€n — L €p11,...,€ —€p — 2 >€en+ 2,
dlm(‘/g,) _ ( 1 n—1,Pn n n+1 N‘P n ) 1% n 7
0, otherwise,

Again, simple calculations with generating functions results in appropriate inequalities and
dim(Vp) — dim(V;) + dim(Vz) — dim(V3) = 0 and, consequently, the sequence is exact.
The above three cases covers the whole variety of the so(d—1, 1)-tensors that can result
from the tensor products Yy, ) ® Y{(1,¢)} for any n, k and ¢q. The cases with sy =1 and
Y = Y{0} are special but the calculation of cohomology groups leads to the same result.
In the fermionic case, the computations are similar due to the multiplicity given
by (6.39). The difference is that all nontrivial cohomology is concentrated in grade zero.
Indeed, taking into account (f.4€), where P(eq,...,en|p) is to be replaced by (b.39), it
follows that dim(Vg) > dim(V;) for all ¢ and HP % ~ HPTRH! where r is referred to

r,g=0 r+k+1,9=0"
the I-trace order, or, roughly speaking, H? ~ HPt1 HP=L ~ HP+2 and so on.

7. Conclusions

The unfolded system constructed in the paper has a simple form of a covariant constancy
equation and describes arbitrary mixed-symmetry bosonic and fermionic massless fields in
d-dimensional Minkowski space. The gauge fields/parameters are differential forms with
values in certain finite-dimensional irreducible representations of the Lorentz algebra that
are uniquely determined by the generalized spin.

The key moment is that all gauge symmetries are manifest within the unfolded for-
mulation, which is of most importance in controlling the number of physical degrees of
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freedom when trying to introduce interactions. Unfolded systems are formulated in terms
of differential forms, which is a natural way to respect diffeomorphisms and, hence, to
describe systems that include gravity.

Though, the necessary conditions for the system to have a lagrangian description are
satisfied, i.e., the fields are in one-to-one correspondence with the equations and the k-th
level gauge symmetries are in one-to-one correspondence with the k-th Bianchi identities,
the very lagrangian remains to be constructed.

Another interesting moment is that the unfolded equations for bosons are the same as
for fermions, namely, the operators involved, i.e., exterior differential d and o_, remains
unmodified when tensors are replaced with spin-tensors. Though this nice property partly
breaks down in (anti)-de Sitter space, within the unfolded approach bosons and fermions
have much in common, the fact being very useful for supersymmetric theories.

The proposed unfolded system includes all non-gauge dual descriptions, which are
based on the generalized Weyl tensor and its descendants, but not all of gauge dual
descriptions. It would be interesting to construct an unfolded system that contains all
dual formulations.

The interactions of the totally symmetric massless higher-spin fields are known to re-
quire a nonzero cosmological constant, i.e., are formulated in (anti)-de Sitter space [J].
Mixed-symmetry fields exhibit some interesting features in the presence of cosmological
constant. For example, not all of the Minkowski gauge symmetries can be deformed to
(anti)-de Sitter [[F. As a result massless mixed-symmetry fields have more degrees of free-
dom in (anti)-de Sitter compared to its Minkowski counterparts [{J] and in the Minkowski
limit a massless mixed-symmetry field splits in a certain collection of massless fields, gener-
ally. Contrariwise, a single mixed-symmetry field can not be smoothly deformed to (anti)-
de Sitter. Another interesting effect is the existence of the so-called partially-massless
fields [f{4-R4], the fields that have a number of degrees of freedom intermediate between
that of massless and massive and split in a set of massless fields in the Minkowski limit.
Therefore, the extension of the proposed approach to (anti)-de Sitter space seems to be
non-trivial but nevertheless worth being investigated.

In a series of papers [BH, b1, §6, it was suggested so-called frame-like approach to
the general mixed-symmetry fields in (anti)-de Sitter. To generalize the proposed in the
present paper unfolded system to (anti)-de Sitter case and to compare to that of is the
next step to perform.

We consider the proposed unfolded system as the first stage in constructing the full
interacting theory of mixed-symmetry fields.
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A. Multi-index convention

The multi-index notations is used: a group of indices in which certain tensor is symmetric
or is to be symmetrized is denoted either by one letter with the number of indices indicated
in round brackets, or by placing a group of indices in round brackets, e.g.,

Ta(s) = Ta2..as . TA10i GGy AT 0 GO (Al)
yoeras) = ylarpaz..asi1) = 1 (V902030541 4 /02 70103-Gs41 4 .. 4 |/ 0s+10102--Gs)
s+1
(A.2)
V(bTa(s)) = V(bTaL..as) = % <VbTa1a2...a5 +Va1Tba2a3...a5 4. -—I—VasTbala}"aS*l) (A3)
S

Analogously, the group of indices in which certain tensor is anti-symmetric or is to be
anti-symmetrized is denoted by placing indices in square brackets, e.g.,

Ta[s} — Te102...a5 . T -iQig 1 Qs 0101 04O (A4)
1
s+1

V[bTa[SH = V[bTal...aS} = (VbTalag...aS _ ValTbazag...as + . + (_)SVGSTbalaz...asfl)

(A.5)

The operators of (anti)-symmetrization are weighted to be projectors (the factor 34%1
above).

B. Young diagrams

Comprehensive information on Young diagrams can be found, for example, in the
textbook [[71].

Definition 1. Given an integer partition, i.e., a nonincreasing sequence {s;,i € [1,n]},
8; > si+1 of positive integers (or nonnegative when it is convenient to work with a sequence

of a fized length), associated Young diagram Y {s1,sa2,...,8n} is a graphical representation
consisting of n left-justified rows made of boxes, with the i-th row containing s; boxes.
S1
52
S3
S4
S5
56
S7
58
S9
— S10
L1 S11
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Finite-dimensional irreducible representation(irrep) of si(d), i.e., various irreducible
sl(d)-tensors, are in one-to-one correspondence with Young diagrams of the form
Y{s1,s9,... ,3[4]}. The associated irreducible tensors

2

s1 52

—_——~T
Ta...a,b...b,... (Bl)

or, in condensed notation, 7%(s1):5(s2): have at most [%l] groups of indices, being symmetric
in each group separately, and satisfy the condition that the symmetrization of any group
of indices with one index of any of the subsequent groups is identically zero, i.e.,

Ta(sl),...,(b(sk),...,b)c(sj—1),... =0, k< j. (B2)

If S14) # 0 and d is even the (anti)-selfduality condition has to be imposed for appropriate
signature. (anti)-selfduality is conventionally denoted by the sign factors +(—) before S1d)-
In this paper we do not consider (anti)-self dual representations.

A scalar representation Y{0,0,...,0} is denoted by e, a vector irrep Y{1,0,...,0} by

D, rank-two symmetric tensor irrep by D], rank-two antisymmetric tensor irrep by
and so on.

Finite-dimensional irreducible representations of so(d) are of the two types: tensor and
spin-tensor; and are also characterized by Young diagrams, which in the case of spin-tensor
irreps refer to the symmetry of the tensor part. Young diagrams that correspond to spin-
tensor irreps are labeled by %—subscript. Spinor indices o, 8,7 = 1... 2051 are placed first
and are separated from tensor indices by ”;”. For example, a spinor ¥® irrep is denoted by
e1, a vector-spinor irrep A%%by [ ], and so on. To make tensors irreducible, in addition
t(f the Young symmetry condition, tzhe tracelessness condition with respect to each pair of

indices is to be imposed
B T by =Dnfs) 0 =1, j=1..n,  (B3)

To make spin-tensors irreducible, in addition to the Young symmetry condition, I'-
tracelessness condition with respect to each tensor index and a spinor index is to be imposed

Fg‘ﬁTﬁ;a(sl)7"'7Cb(s’i_1)7"'7f(8n) = 0’ Z =1... n, (B‘4)

where I's satisfy Fg‘ﬁfgw + I‘g%lfw = 27g. Additional conditions on spinors, viz.,
Majorana, Weyl and Majorana-Weyl are irrelevant to the problems concerned. Also, in
both cases it is required for the sum of the heights of the first two columns of Young
diagrams to be not greater than d. Note that the I'-tracelessness condition is stronger
than the tracelessness one and applying the I'-tracelessness twice to two symmetric indices
gives the tracelessness

0 = 20g 0y T7() = o Toeb, (B.5)

To handle with arbitrary large Young diagrams the so-called block representation is
used, i.e., the rows of equal lengths are combined to blocks

p1 p2 Pn

YA{(s1,p1),--+s(SnsPn)} = Y{51, ..., 81,52, ..,82, -, Sny vy S} (B.6)
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